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Machine Learning in a Nutshell

Dalta
Task ML grew out of
1 work in Al
Representation o
Optimize a
1 performance criterion
Score Function using example data or
1 past experience,

Aiming to generalize to
unseen data

Search/Optimization

Models, Parameter, Metric
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Course Content Plan =» Regarding Tasks

73D
-Regression{supervised) Y is a continuous
d-Learning theory About f()
1 Classification (supervised) Yis a discrete
. Unsupervised models NO'Y
KD Graphical models About interactions among Y.X1,. Xp

D Reinfo rcement Lea miﬂg Learn to Interact with environment
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Course Content Plan =» Regarding Data
XiXe - Xp

Q‘[

L Tabular / Matrix sf l T

Sn ll

J 2D Grid Structured: Imaging X [xalx
Xe1%s] X4l

J 1D Sequential Structured: Text
. Graph Structured (Relational)

[ Set Structured / 3D /
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Today: Logistic Regression Classifier

Data: X

1

Task: y

1

Representation: : x, f()

1

Score Function: L()

1

Search/Optimization :
argmin()

1

Models, Parameters, metrics

10/1/20

X: Tabular

1

Binary Classification

ﬁ Log-odds y = linear function of Xs

MLE

1

lterative (Newton) method
/ SGD

1

Logistic weights
/ Accuracy / F1

—>

—>



Roadmap

- J Bayes Classifier: Classification MAP Rule

O Logistic Regression Representation
O Training LG by MLE

10/1/20



Bayes classifiers

* Treat each feature attribute and the class label as random

variables.
C‘- {Cl\ o CL]'

10/1/20 /



Bayes classifiers

* Treat each feature attribute and the class label as random variables.
* Training: What is an appropriate loss for classification? Ytrue
* E.g. Compare training class to output class: Zero-One loss (per class) C; C2 .. CL
C) o
A 0 )
L(g,y) = I(§ # v), Y: 52[ oo
Ci 2

* Can we model/estimate p(C=C; [x) = p(Ci | x4, X, ..., X, ) directly from reference data?

10/1/20 8



Bayes classifiers

e Treat each feature attribute and the class label as random variables.

* Testing: Given a sample vector x with attributes as ( Xy, X, ..., X, ):

* Goal is to predict its class
* HOW: =»we want to find the class that maximizes p( c | X3, X, ..., Xp ).

J 2
plaX) »
YD

10/1/20 9




Bayes Classifiers — Predict via MAP Rule

Task: Classify a new instance X: X = <X1,X2,, , ,,Xp>

based on:

Cyup = argmax P(c; | x;,x,,...,x,) < MAP Rule

CjEC

L i\

MAP = Maximum Aposteriori Probability

Please read extra slides for how to get MAP-rule from minimize EPE-0/1

10




Bayes Classifiers — Predict via MAP Rule

e Establishing a probabilistic model for classification

= MAP classification rule
=» To Assign x to c* if

P(C=c |X=Xx) > P(C=c|X=X)

for c#c c=cC,,C

L

L
> Pc=Glx)=|
=1



Recap: Statistical Decision Theory (Extra)

*Random input vector: X

*Random output variable: Y T
e e D= &)
Joint distribution: Pr(X,Y)_QD-— |

*Loss function L(Y, f(X)) = " )
wr» 9N

o

*Expected prediction error (EPE):

EPE(f) = E(L(Y, £ (X)) = [ L(y,f(x))Pr(dx,dy)

e.g.= J (v = f(x))* Pr(dx.dy)
i

e.g. Squared error loss (also called L2 loss )

Consider
population
distribution

10/1/20



SUMMARY: WHEN Expected prediction error (EPE) USES DIFFERENT LOSS (Extra)

Loss Function Estimator f(=)
+L(c)
L \ / fx) = BIY|X = 2]
- € y@jves‘,lm / LNN
+L(c)
L, f(z) = median(Y|X = z)
> €
+L(c) ]
0-1 f(x) = arg m}gx P(Y|X = x)
516 > € (Bayes classifier / MAP)

10/1/20

Please read extra slides for how to get MAP-rule from minimize EPE-0/1




f X — C E Establishing a probabilistic model

. oo ---- for classification
Output as Discrete
Class Label p |
Cy, Gy G Cyap = ATGMAX P(C; LX), ;5.0 X,)

cJEC

Prc]x)

P(X:€)
7 PX)
II argmax P(c|X)=argmaxP(X,c)=argmaxP(X|c)P(c]

ceC ceC ceC ﬁ
IEEmTE) argmaxP(c/X) C={c,,c,)

ceC
10/1/20 14




Three major groups of classifiers

* We can divide the large variety of classification approaches into
roughly three major types

-~
1. Discriminative /P(Cl X )

» directly estimate a decision rule/boundary

e.g., support vector machine, decision tree, logisticregression;
e.g. neural networks (NN), deep NN

,?(c\yi) ~  Byes RiC

build a generative statistical model
e.g., Bayesian networks, Naive Bayes classifier

2. Generative:

3. Instance based classifiers
- Use observation directly (no models)

10/1/20 15



Our Whole S2: X _—~C 20X

W\J
— Discriminative Classifiers - (x)
argmaxP(c [X), C={c ,,c,}
ceC
P(c,1x) P(c,Ix) P(c, 1x) Cl %
I I XX I (F[ IX)

Discriminative
Probabilistic Classifier

10/1/20 16
Adapt from Prof. Ke Chen NB slides



Bayes Classifier

Task Classification

1

} |
‘ Representation - Cyup =argmax P(c; I x,x,,...,x,)

c,€C
v i 1
Score Function MLE
v —
Search/Optimization M
v v

Models, _
Parameters ! Parameters in

_____________________________________________________________________

10/1/20 17



Roadmap

[ Bayes Classifier: Classification MAP Rule
O Logistic Regression Representation
O Training LG by MLE

10/1/20
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Today: Logistic Regression Classifier ~ P(y = l‘x) =

Data: X

1

Task: y

1

Representation: : x, f()

1

Score Function: L()

1

Search/Optimization :
argmin()

1

Models, Parameters, metrics

10/1/20

X: Tabular

1

Binary Classification

1

P | 0g-0dds y = linear function of Xs

!

MLE

1

lterative (Newton) method
/ SGD

1

Logistic weights
/ Accuracy / F1

?(‘3-;»\)()- ep@] 2D



Multivariate linear regression to Logistic Regression

Log-odds

10/1/20

In

(Y=o D= 1~ (Y=

o+ B1x1 + Box,+... +,Bpxp‘

Logistic regression for Bf’,m,(y \/dWZ\L (ﬂ—
binary classification
T Y ‘7/@; No

v
PLy1x) =B, +Bx, +B,x,+t B x H T

_1—P(y‘x)_ _

| %D

20



Logistic Regression p(y|x)
_ (Had [ x)
by P(Tal [x) |

Pyl |
_1—P(y\x)__ﬁ°+ﬁlxl+ﬁzxz+"'+ﬁpxp

C ,

Lo & l ,P (C l X)
(o)

o ﬁo + ﬁ1x1 + ,Bzx2 +"'+[3po 1

In

= P ‘X = =
(y ) 1 + eﬁ0+ﬁ1x1+ﬁzxz+...+ﬂpxp 1 n e_(ﬁo-'_ﬂTX)

10/1/20



Binary Logistic Regression: Geometric ((x: |p)

|n[p/(1_p)] B
4 P
2 /
0 /
2 /
4 /
B /
p(Hed) :
=P(Y=1]x) |]
C AT S

1/20 X



View |: logit of p(y=1|x) is linear function of x

(Y-! \x) ) )

P(ylx) |_
ZV\ ) =) In 1—P(y‘x) —ﬁ0+,31X1+,32X2+...+,Bpxp

—

Logit function I_Oglt Of P(y | X)

10/1/20



View IlI: Model Y as Bernoulli:

Bm\auu(' Distribution

In[p/(1-p)] [
4 /
L
/
/-’
B '/
X
P (Y=1]x) . (

08
04 R
0.2 ~
*
hage | D
S 0 20 40 B0 80 100 120 140

1/20 X




Review: Bernoulli Distribution
e.g. Coin Flips

Z:{Who is Up: Head or Tail} is a discrete Random Variable

i, D T}

* Head with probability p = /P(HQ@&>

* Binary random variable
* Bernoulli trial with success probability p

{Z‘)ZL/ --.lin}'
SH H T - o= pled)

10/21/19 Dr. Yanjun Qi / UVA CS



Logistic Regression—Bernoulli Distribution with
p(Head) as a function of x

Logistic regression models are appropriate when the
target variable is coded as O/1. - /% " {w«ﬁ A A+
—

We only observe “0” and “1" for the target variable— .
but we think of the target variable conceptually as a 6@"

robability that “class=1" will occur. A - =,
p Y tHed)= Y0 = 8

This means we use Bernoulli distribution to model the target variable with its
Bernoulli parameter p=p(y=1|x) predefined.

The main interest = predicting the probability that an event occurs (i.e., the
probability that p(y=1]x) ).

10/1/20 26



View Il: Model Y as Bernoulli:

e.g. P (Y=1]|X)
Probability of 1.0 - e

disease P(Y‘X) _ -
0.8 -

o+px

ea+Bx

(&

0.6 -

0.4 -

0.2

0.0 : .

10/1/20

27



View [lI: "S" shape function compress output to [0,1]
ngig\'(,\R; LF -+ 99'\'\01. A

10/1/20

o
R S e R

0.8 - =

0.6 - E"’o . OQ}

0a ( ol+ BX

| o

0.2 - e [+ g X

CO ) (\X
0.0 ——————




In

View IV: Logistic Regression models TR b =0

a linear classification boundary! /\X" +
(v 1) *
) g i
ye{0,1} | 21A%) | jodga

PlyIx)
_1—P(y‘x)_

In

_P(y:1|x)_ PN =Xx)

4+ +

= ,[)’O +,[31x1 +[32x2 +---+,3po

Decision Boundary =2 equals to zero ‘

|
Py=01x)| | 1P(y=Hx)

10/1/20

V

:oc+,81x1+[32x2+...+[3pxp
=W +5 =0



View |V: Logistic Regression models\
a linear classification boundary!

=5H,T¥

Qmax P ’5\){)
yego. 1
o 40 = P31 x)  Decisin B

A S
Qﬂo‘(?(% \x))

1111111
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Roadmap

‘ O Training LG by MLE

10/1/20

[ Bayes Classifier: Classification MAP Rule

O Logistic Regression Representation

PCcl X

X)

33



Today: Logistic Regression Classifier ~ P(y = l‘x) =

Data: X

1

Task: y

1

Representation: : x, f()

1

Score Function: L()

1

Search/Optimization :
argmin()

1

Models, Parameters, metrics

10/1/20

X: Tabular

1

Binary Classification

1

' Log-odds y = linear function of Xs

!
—  VILE

1

lterative (Newton) method
/ SGD

1

Logistic weights
/ Accuracy / F1

?(‘3-;»\)()- @)



Maximum Likelihood Estimation {H HTT. /"}

2. fH,Th—{8.22 - Znf
A general Statement P(R) {"F) l-'P]' m

Consider a sample set T=(Z,...Z,) which is drawn from a probability
distribution P(Z|\theta) where \theta are parameters.

If the Zs are independent with probability density function P(Z | \theta),
the joint probability of the whole set is

0= 0egrdX (Zl...zn|i>8= | |Pcio
plHesd) = |

this may be maximised with respect to \theta
to give the maximum likelihood estimates.

10/23/19 Dr. Yanjun Qi / UVA CS 35



The idea is to

v’ assume a particular model With@nknown parameters,) @

v we can then define the probability of observing a given event
conditional on a particular set of parameters. P(Z;|0)

v" We have observed a set of outcomes in the real world. 5_2,,22 .

v’ Itis then possible to choose a set of parameters which are ' L
most likely to have produced the observed results.

6 = argmax P(Z1.. .an) = HP(ZAH) <“ke”hoc’d
0 i=1

— 0< £
This is maximum likelihood. In most cases it is both consistent

and efficient. i n ~39,™
log(L(8)) = z lag(p(zi|3)< Log-Likelihood
i=1"" —

It is often convenient to work with the Log of the likelihood function.

10/1/20 36



Review: Defining Likelihood for basic Bernoulli

Zr\}' 070\§1‘M‘t
T G=i'\’}




Review: Defining Likelihood for basic Bernoulli

log(L(p) i T
= log ﬂ_Lzlpzi (1- p)l‘zi]

= ?=1(Zi10gp + (1 T Zi)log(]‘ o p))

=logp Xi=12z; +log(1—p)Xie,(1—z)

=xlog p + (n — x)log (1 — p)

Observed data = A total of x heads-up from n trials



Extra

Review: Defining Likelihood for basic Bernoulli

l.e. negative

aﬁe%l(p}g: ag@gf\h{—xlog(P)—(n—X)log(l—P)} log-likelihood

4z p1=p 0=—Xx+pn

n—x Minimize the negative log-likelihood

=>» MLE parameter estimation

A X
p — —— i.e.Relative
frequency of a

binary event

o —X(1=p)+p(n—x)
p(1-p)

\\\?z—x+px+pn—px




Extra {H) l-—\) T) R (-\Z—v\

From Basic Bernoulli to .
e 3, = Y| X
Logistic Regression gt Regesdn 2= %3] X1
{@:\Xl) '32!7%, %"/XVI}
Observing binary samples z_i
/ ~ 4
PMF: . ?(Zw (5> (3 %
Pr(alp) = p*(1 - p)' PR = LBy
LIKELIHOOD: Nm WP )\,;4( \QUN“({Q'

L(p) = ]_[nlp 1-p)t= N= % (3,7 ) -0
o ! 0> o (- '/SD

function of p=Pr(head)

10/1/20



fl):ErleOOD: Basu E@M’\U" WCS“L( /%e/v\om l{l
L(p) = n;p? (1—-p)t== % ((é) AV H,
function of p=Pr(head) ( /\7(” ;\ XL ("(P(y",(jbb
=] .
Y "yv
N
= 4, (- 3)
(WA

, : e\/\}m& LCVS Entopy]
log(L(p) = log ﬂ_Lzlpzi (1- p)l—zi] L06L k ) /\

=Yizi(zilogp + (1 — z)log(1 — p)) //Qﬁ (@):Z Aj*' 29 3 l

S




Extra
QU 1(B)= X {logPr(Y =y, | X =x,)}

When training set includes (x, v;), i=1,...,N

N
0= 2. Dy P (4| 5)

(%), o G
P | X3) =
Hore ?( \ Qz?(’ﬁ;oli{’) ] 1% Yo=0

g %
NN E D

1111111



Extra

VILE for Logistic Regression Training

Training set: (x;, vy;), i=1,...,N

I(8)= Z{logpr(h y |1 X=x)}

=Z{ y log(Pr(Y =1|X=x))+(1- y )log(Pr(Y =0| X =x ))}

exp(B’x 1
_2( log1+exp(,B x))+(1_ )10g1+exp(ﬁTxi))

- 2()’1-'8 x —log(1+exp(B'x))) i.e. negative
i=1 cross entropy



Today: Logistic Regression Classifier ~ P(y = l‘x) =

Data: X

1

Task: y

1

Representation: : x, f()

1

Score Function: L()

1

Search/Optimization :
argmin()

1

Models, Parameters, metrics

10/1/20

X: Tabular

1

Binary Classification

1

Log oddsy = ||nearfunct|on of Xs

4 MLEJ /1 We

é Iterative ( Newton) method

/ SGD

1

Logistic weights
/ Accuracy / F1

?(‘3-;»\;()- @)



Extra

Summary: MLE for Logistic Regression Training

Let’s fit the logistic regression model for K=2, i.e., number of classes is 2

For Bernoulli distribution

p(ylxy(1-p)~

(conditional ) 1(ﬁ)=i{10gPF(Y=yi 1X=x))
Log-likelihood: i1

=iyilog(Pr(Y=1|X:xi))+(1—yi)log(Pr(Y:0|X=xl,))

Training set: (x;, yi), i=1,...,N

B eXp(ﬂTXi) — 1
_iz:(yilOg P TXI'))+(1 yi)log1+exp(ﬁTXi))

=3 (5,8x,~log(1-+exp(5x,)))

x; are (p+1)-dimensional input vector with leading entry 1
\beta is a (p+1)-dimensional vector

We want to maximize the log-likelihood in order to estimate \beta

See Extra Slides How to used Newton-Raphson optimization



L . e e
Today: Logistic Regression Classifier ~ P(y = l‘x) = -
] 4 PP
Data: X i X: Tabular
Task: y Binary Classification
Representation: : x, f() Log-odds y = linear function of Xs
Score Function: L() MLE
Search/Optimization : —:)'terative (N/eSWGtgﬂ) method
argmin() 5 1
1 . Logistic weights
Models, Parameters, metrics ’

/ Accuracy / F1

10/1/20 ,?(ﬂzﬂo\)()s “?(‘3-‘\ \)



ReWrite Logistic Regression as two stages:

VItw 1L

First:

Summing Z = IBO + ,lel + :82x2+' . +,8po

Second: eBo+B1x1+B2x2+.+Bpxp ez

Sigmoid v=P(v=1|x) = _
Squashing Y (y | ) 1+ePotBixitB2x2+.+Bpxp 1+e2

10/1/20

47



One “Neuron”: Block View of Logistic Regression

T =
N APS

AW Xtb

+1

Multiply by
weights

p =P(Y=1|xw)

Summing Sigmoid
Function Function
Z=W'X+b
eZ
y =sigmoid(z) =

1+ e?

48



Next:

X%I

Input

W is a vector

Z |s a vector

p

output §/

“Block View” of Logistic Regression (plus loss)

Dot Product

parametenzed
block, W needs
to be learned

Sigmoid

;

to Learn

—

No Parameters

loss

—{ E (V,y) —»>

CTDQS Q/M'ﬂy

49



Next: Stochastic GD =

* For LR: linear regression, We have the

following gradient descent rule: j{&) (Z
0" =0~ a2 J(0) ?}
00,
J p 6
« =» For neural network, we have the delta rule
Aw =—-n ok E(W) ¢
W'’
wet=w'-n %F _wi s Aw ﬂ,
JW*

W

10/1/20 50



Takeaway: Logistic Regression Classifier

* View I: logit(y) as linear of Xs

* View II: model Y as Bernoulli with p(y=1|x) as p(Head)
* View Ill: S" shape function compress to [0,1]
* View IV: models a linear classification boundary!

* View V: Two stages: summation + sigmoid

10/1/20 51



Today: Logistic Regression Classifier

Data: X

1

Task: y

1

Representation: : x, f()

1

Score Function: L()

1

Search/Optimization :
argmin()

1

Models, Parameters, metrics

10/1/20

’(7("'34&) eﬁ0+ﬁTx

P(y= l‘x) =

X: Tabular

1

Binary Classification

1

' Log-odds y = linear function of Xs

!

MLE

1

lterative (Newton) method
/ SGD

1

Logistic weights
/ Accuracy / F1

eﬂo"’ﬁ "x
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References

 Prof. Tan, Steinbach, Kumar’s “Introduction to Data Mining” slide
 Prof. Andrew Moore’s slides

 Prof. Eric Xing’s slides

 Prof. Ke Chen NB slides

 Hastie, Trevor, et al. The elements of statistical learning. Vol. 2. No. 1.
New York: Springer, 2009.



Today: Extra

v’ Bayes Classifier and MAP Rule?

' " Bayes Classifier

" Expected Prediction Error
" (-1 Loss function for Bayes Classifier

7(
A
v’ Logistic regression ?(ﬂj\ﬂ = W
" Parameter Estimation for LR U

—_—

?

10/1/20



Bayes classifiers

e Treat each feature attribute and the class label as random variables.

* Given a sample x with attributes ( Xy, X, ..., X, ):
* Goal is to predict its class C.

* Specifically, we want to find the value of C; that maximizes p( C; | X3, X3, ..., Xp ).

* Can we estimate p(C; |x) = p(C | X3, X, ..., X, ) directly from data?

10/1/20
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Bayes classifiers

e Treat each feature attribute and the class label as random variables.

* Given a sample x with attributes ( Xy, X, ..., X, ):
* Goal is to predict its class C.
* Specifically, we want to find the value of C; that maximizes p( C; | X3, X3, ..., Xp ).

* Can we estimate p(C; |x) = p(C | X3, X, ..., X, ) directly from data?

—) {(()CL/ "(/CL}

10/1/20 57



Bayes classifiers
=>» MAP classification rule

e Establishing a probabilistic model for classification
=>» MAP classification rule

—  MAP: Maximum A Posterior

— Assign xto c*if

P(C=c" |X=Xx) > P(C=c|X=X)

for c#c c=C,,C

L

Adapt from Prof. Ke Chen NBslides



Bayes classifiers
=>» MAP classification rule

e Establishing a probabilistic model for classification
=>» MAP classification rule

—  MAP: Maximum A Posterior

— Assign xto c*if

10/1/20 Adapt from Prof. Ke Chen NB’slides



Bayes Classifiers — MAP Rule

Task: Classify a new instance X based on a tuple of attribute values
into one of the classes _
X=(X.X,....X

’)
Cyup = argmax P(c; | x;,x,,...,x,) < WHY ?

CjEC

MAP = Maximum Aposteriori Probability

10/1/20

) .60
Adapt From Carols’ prob tutorial



Recap: Statistical Decision Theory (Extra)

10/1/20

*Random input vector: X

*Random output variable: Y T
e e D= &)
Joint distribution: Pr(X,Y)_QD-— |

*Loss function L(Y, f(X)) = " )
wr» 9N

o

*Expected prediction error (EPE):

EPE(f) = E(L(Y, £ (X)) = [ L(y,f(x))Pr(dx,dy)

e.g.= [ (y - f(x))*Pr(dx,dy)
{?

Consider

population
distribution

e.g. Squared error loss (also called L2 loss )




SUMMARY: WHEN Expected prediction error (EPE) USES DIFFERENT LOSS (Extra)

Loss Function Estimator f(=)
s+ L(e)
L \/ f(z) = EIY|X = a]
> €
s+ L(e)
L, f(z) = median(Y|X = z)
> €
s+ L(e)
0-1 f(z) = arg max P(Y|X = x)
—5 5 > € (Bayes classifier / MAP)

Please read extra slides for how to get MAP-rule from minimize EPE-0/1




0-1 LOSS for Classification
:Ug = Q ) L({;)Q\): O

* Procedure for categorical output variable C

dRFL, Ll D=1

* Frequently, 0-1 loss function used: L(k, €)

* L(k, ) is the price paid for misclassifying an element from class Ck as

belonging to class Cg

=>» L*L matrix

10/1/20 L/\ _/l




Expected prediction error (EPE)

eExpected prediction error (EPE), with
expectation taken w.r.t. the joint distribution
Pr(C,X)

* Pr(C,X )=Pr(C | X )Pr(X ) 055 EX(K>

b Q.9 0| _
EPE(f)=E, (L(C,f(X)) H{360)

= EXZ,L[Ck,f(X)]Pr(Ck | X)

Consider
sample
population

distribution



Eeq)=Eyr (L f(X))
“Lg [clx (L {m[

D Saete RV s Expetets,

=[x = | (G 4m)) Pr(CelR) |
W -

= f%m» minpaion ylen X=X

L

= Txoooapn s | (G A1 f1s) pelGe |27
feC T —— 70 | \\/
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Expected prediction error (EPE)

Consider

K sample
EPE(f)=E, .(L(C,f(X))=E, Y LIC,. f(X)IPr(C,|X) hopiation
k=1 IStrioution

* Pointwise minimization suffices

* > simply f(X) =argmin _, ZL(Ck,g)Pr(Ck | X =x)
k=1

f(X)=C, if
l Pr(C, |X:x):maCxPr(g|X=x)

Bayes Classifier

10/1/20



SUMMARY: WHEN Expected prediction error (EPE) USES DIFFERENT
LOSS

Loss Function Estimator f(=)
Hi() (e =Exr (=10
L \ / fa) = BIY|X =2l
> €
t L(e)
L, f(z) = median(Y|X = z)
> €
t L(e) i
01 f(x) = arg m}gx P(Y|X = x)
516 > € (Bayes classifier / MAP)
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Today: Extra

v' Why Bayes Classification — MAP Rule?
= Expected Prediction Error

" (-1 Loss function for Bayes Classifier
7(
66
= L
v’ Logistic regression ?m\ﬂ 4ot

‘ » Parameter Estimation for LR b

?
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Logistic Regression Assumptions

. Linearity in the logit — the regression equation should have a
linear relationship with the logit form of the target variable

. There is no assumption about the feature variables / target
predictors being linearly related to each other.
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Newton’s method for optimization

* The most basic second-order optimization algorithm

GD- 0 =009,

Nopton . Ort1 =0k — [_{lgk

Pp P
i

* Updating parameter with
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Review: Hessian Matrix / n==2 case

Singlevariate - multivariate

» 1st derivative to gradient,

e 2nd derivative to Hessian

S (x,y)

[ o)
0x
Vf = o
¥
ST
gx>  0xdy
0% f 9% f
\ dxdy dy”

)

/



Review: Hesslan Matrix

Suppose that f : R® — R is a function that takes a vector in R" and returns a real number.
Then the Hessian matrix with respect to z, written V2f(z) or simply as H is the n x n
matrix of partial derivatives,

- Pl Pl . P
Or?  O10m) 0z10,,
Pie) M) . Pl
Vif(I)ERnxnz 0x9021 63:% 02902y,
0*f@) 0*f(x) 0*f(a
L 0z,0z;  0zn019 0x2
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Newton’s method for optimization

* Making a quadratic/second-order Taylor series approximation

ﬁad(e) = f(0x) + 8 (0 — 0x) + %(0 ~ ) (0 =8)

Finding the minimum
solution of the above
right quadratic
approximation (quadratic
function minimization is
easy !)
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Newton’s Method / second-order Taylor series
approximation




Newton’s Method / second-order Taylor
series approximation




Newton’s Method / second-order Taylor
series approximation



Newton’s Method / second-order Taylor
series approximation



Newton’s Method

* At each step:

Hk+1 — Hk _ f’(gk)
f(6,)

0. =6, -H"(0,)VFfO,)

 Requires 1t and 2"d derivatives

» Quadratic convergence

* = However, finding the inverse of the Hessian matrix is often
expensive

10/1/20
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Newton vs. GD for optimization

* Newton: a quadratic/second-order Taylor series approximatlon
A ’4 @(&lzﬁk v H(@) BK)
Faquad(0) = f(0x) + g (0 — 0) + 5(6» —0,)THL(0 — 6;)

Finding the minimum solution of
the above right quadratic
approximation (quadratic
function minimization is easy !)

' 1
Trvad(0) = F(05) + &7 (0 — 05) + (0 — 6,)"—(6 — 6y
Y

Ot = Oy —oh g®¥)
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Comparison

 Newton’s method vs. Gradient descent

A comparison of gradient descent
(green) and Newton's method (red)
for minimizing a function (with
small step sizes).

Newton’s method uses curvature
information to get a more direct
route ...
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VILE for Logistic Regression Training

Let’s fit the logistic regression model for K=2, i.e., number of classes is 2

For Bernoulli distribution

Training set: (x;, yi), i=1,...,N B
p(ylx)yd-p)~

(conditional ) 1(B)=" {logPr(Y =y | X=x )}
Log-likelihood: -1

=iyi log(Pr(Y=1|X=x))+(1-y)log(Pr(Y=0]|X=x))

exp(B'x,)
1+exp(f'x)

=3 (7,8x,~log(1-+exp(5x)))

N
=Y (v log )+(1-y,)log
i=1

1+exp(ﬁTxi))

x; are (p+1)-dimensional input vector with leading entry 1
\beta is a (p+1)-dimensional vector

w20 We want to maximize the log-likelihood in order to estimate \beta
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Yo (%X )
I(8)= Z{logpr(y y.1X=x)} 7

@ﬁ% [ =Y ‘XY) ?’WY})
/ﬁ ”‘M{X) MECEES 0, )
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Newton-Raphson for LR (optional)

AP L. exp(fv)
52U ey

N4

(p+1) Non-linear equations to solve fornknowns (%

Solve by Newton-Raphson method:

new old _ azl(ﬁ) -1 al(ﬁ)
p b [(a/j’aﬁT)] 05
where. (azl(ﬁ) N s exp(fB’ x) 1
0BB" 1+exp([3’ x) 1+exp(/3 x)

minimizes a quadratic approximation
to the function we are really interested in.
Orr1 = 0r — Hy'gx




Newton-Raphson for LR...

So, NR rule becomes:

T
xl

AN-by—(p+1)

10/1/20

al</5> ﬁ

(

Vi
%)

BaY

3*1(f3)
0pap"

AN-by-1

=1

) =

exp(B’ x)
1+exp(/3 X)

~X"wx

x, =X (y—-p)

NS b =)

B N+ (XTWX) X (y=p),

[ exp(B7x,) /(1+exp(B'x,)) |

exp(f' x,)/(1+exp(B'x,))

_exp(IBTxN) /(1 +exp(B xy))

X :Nx(p+1) matrix of x,
y: N x1 matrix of y,

p: N x1 matrix of p(x,;f

Old)

AN-by—-1

W : N x N diagonal matrix of p(x,; 8 )1- p(x,; 8"))

exp(f T'xi) 1— 1

(I+ exp(ﬂTxl. )

(1+exp(B'x, )))
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Newton-Raphson for LR...

e Newton-Raphson

— IBnew — IBOld _l_(XTWX)—l XT (y_p)
= (XWX XTWXB™ +W ' (3=D))  Newton step s
_ (XTWX)_IXTWZ ¢mm weighted least

square step
— Adjusted responsM(X )CB X

z=XB" +W 7 (y-p) W &

— Iteratively reweighted least squares (IRLS)

L argmﬂin(z - XB)HY' W(z-XB")

< argmin(y - p) Wl (y-p)
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Binary =» Multinoulli
Logistic Regression Model PPy

2 (6| )

Directly models the posterior probabilities as the output of regression

exp(B,,+ B, x)

K-1

1+ exp(B,,+ B/ x)
1

Pr(G=k|X=x)= ,k=1,...,K-1

Pr(G=K|X=x)=

K-1

1+ exp(B,+ B x)

X is p-dimensional input vector

,BkT is a p-dimensional vector for each class k \@\
p)

) \é}’/\IZ)'
Total number of parameters is (K-1)(p+1) 67(40 ) \%\C )

Note that the class boundaries are linear
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Binary =» Multinoulli [24k=b)
Logistic Regression Model A RS R [

e ) . QfeX

4 @“ T e
PGk

W’Oﬂ e = QW gy

?IMC’

Note that the class boundaries are(linear
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