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Roadmap: More Generative Bayes Classifiers

v Generative Bayes Classifier
v’ Naive Bayes Classifier
m v’ Gaussian Bayes Classifiers
" Gaussian distribution
= Nalve Gaussian BC
= Not-naive Gaussian BC = LDA, QDA
v’ Discriminative vs. Generative classifier
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argmax P(C_k|X)=argmax P(X,C)=argmax P(X |C)P(C)
k k

Generative Bayes Classifier

Task classification
. ; 1
Representation Prob. models p(X|C) .
| i P(X,.t-X,1C)
Score Function i EPE with 0-1 loss =» MAP |
| Rule
' —
Search/Optimization i Many Ovptions
\ 4 i v
Models, | Prob. Models’
Parameters i Parameter

aussian N _)_(“_— . 2
ﬁ\ P(X, IC=ck)=#eXp _X, P;Jk)
Bernoulli W | 2.777(7jk 2Ojk
Naive p( i = true Ck) = pi’k N' )
Multinomial P(VVl = nlr--aVVv = nv |Ck = | | 'HllikHZIzck 0 v
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Review: Continuous Random Variables

* Probability density function (pdf) instead of probability mass function (pmf)
* For discrete RV: Probability mass function (pmf): P(X = x;)

* A pdf (prob. Density func.) is any function f(x) that describes the probability
density in terms of the input variable x.
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Review: Probability of Continuous RV

* Properties of pdf

' f(x)=0,Vx

By =
jf(X)=1 _ 5 O phexy.
oo 17|

 Actual probability can be obtained by taking the integral of pdf
» E.g. the probability of X being between 5 and 6 is

P(5<X<6)= j F(x)dx

10/21/19 Dr. Yanjun Qi / UVA CS

|



Review: Mean and Variance of RV

* Mean (Expectation):
* Discrete RVs:

* Continuous RVs:

u=E(X)

E(X)= Z vP(X=v)
E(g(X) =, 8W)P(X =v)
E(X)= [ xf (x)ax

E(g(X)) = [ g(x) f(x)dx

Adapt From Carols’ prob tutorial



Review: Mean and Variance of RV
*\/ariance: Var(X)=E(X - u)*)

* Discrete RVs:
V(X) = Zv. (vl- —,u)2 P(X = vl-)

e Continuous RVs:
+00

(X)= [ (e (ks

—00

e Covariance:

Cov(X.Y) = E((X - u)(Y - ) = E(XY) -

Adapt From Carols’ prob tutorial



Single-Variate Gaussian Distribution

N (|, o2) .;(X):N(x|u, o?) = 1 exp {—L(:C — ,u)Q}

(2%02)1/2 207

Courtesy: http://research.microsoft.com/~cmbishop/PRML/index.htm
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Multivariate Normal (Gaussian) PDFs

The only widely used continuous joint PDF is the multivariate normal (or Gaussian):

X )=l 3) = >?/2|2|11/2€Xp{ > / >T2\ ”>}

Covariance Matrix

Where | *| represents determinant Mean
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—

/\)\ \; Mmesn ey
PX

: Vowah @ AW
Reven ; DMQQ% Z? 1 a 2 i |
'PD‘(YI—\AQ) 2"? !— Q1 o CwO(-\,x)-‘ "rTa
. 2
—s Nohm\\lQ. Q L
Wwe.
“Yﬁf] \ i

S
-3 M



[

Multivariate Normal (Gaussian) PDFs

The only widely used continuous joint PDF is the multivariate normal (or Gaussian):

N, %) = i s exp { =5 x-S - ) |

SN

Covariance Matrix
Where | *| represents Mean

Mean of normal PDF is at peak
value. Contours of equal PDF
form ellipses.

e The covariance matrix captures linear dependencies among the variables



Example: the Bivariate Normal distribution

I (A ()

f(xlnxz): 1/2e :

(27)
with i = i and

u

R [C2=f i62)

5 _ On On|_ o,  poo,
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Example: the Bivariate Normal distribution

I —(-a) =8
_ 2
f(xpxz)_ 72 ©
(27) ]
with i = i and
u
- 2 _Z\Ll_ \)6(\) CO\/(X]_)XZ>
- ] 2
5 _ O Oy _| % LO,0,
2x2 O O 0,0 o
O » | | PO,0, \2]%3_3 ')

_ 2 2 21 2
‘2‘ =010 =0, =0,0, (1 P )



Bi-Variate Gaussian (normal) PDF

(X Y'z)
-FContou)r Plot ,.3, PDF ﬂX',XZ) | Surface Plot

Tok 0.14
40.12

10.1

10.08

10.06

0.04

0.02

5y 2 X,

h
— |
* Mean of a normal PDF is at peak N

value. Contours of equal PDF ﬂX“'
form ellipses.

e The covariance matrix captures linear dependencies among the variables
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Surface Plots of the bivariate
Normal distribution
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Ha

Contour Plots of the bivariate
Normal distribution
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Ha

Scatter Plots of samples from the

.0
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. Scatter Plots of samples from the
}\\QA 2\ three bivariate Normal

distributions
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Trivariate Normal distribution (COW#"“ FI;{'

When
Xi

X2
X3,
</
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The Big Picture
Probability ‘

Model
I.e. Data generating
process

Observed
Data

_ MLE Estimation / learning /

statistics / Data mining
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How to Estimate 1D Gaussian: MLE

N(z|p,0?)
e In the 1D Gaussian case, we simply set

A the mean and the variance to the sample
mean and the sample variance:

v

n
_1zx
_n l

=1

?:%Z(xi-mz

=1



How to Estimate p-D Gaussian: MLE

<X, X, X, > N(,u,Z)

g {L Z, Y



How to Estimate p-D Gaussian: MLE cfie

<X XA >NN(‘u’Z)
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Review: Generative BC ¢* = argmax P(C = ¢;|X =Xx)
X P(X = XlC = Cl)P(C = Ci)

fori =1,2,--,L
P(X|C),
C:Cl’...’CL’X :(Xl’...’Xp)
P(xlc,) P(xlc,) P(xlc,)
] 1 1
Generative Generative Generative
Probabilistic Model Probabilistic Model coe Probabilistic Model
for Class 1 for Class 2 for Class L
I I (N N ) I I I 00 I I I 00 I
X1 X Xp X1 X Xp X1 X Xy

X=(x1,x2,“-,xp)
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Review: Generative BC ¢* = argmax P(C = ¢;|X =Xx)
X P(X = XlC = Cl)P(C = Ci)

fori =1,2,--,L
P(X|C),
C:Cl’...’CL’X :(Xl’...’Xp)
2P 2 .. 2P
P(xlc,) P(xlc,) P(xlc,)

] 1 1
Generative Generative Generative
Probabilistic Model Probabilistic Model coe Probabilistic Model
for Class 1 for Class 2 for Class L
I I (N N ) I I I 00 I I I 00 I
X1 X Xp X1 X Xp X1 X Xy

X=(x1,x2,“-,xp)
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Review: Naive Bayes Classifier

argmax P(C| X) = argmax P(X,C) = argmax P(X | C)P(C)
C C C

Naive

ECITEE P(X1;X2;“';Xplc)= P(X1|C)P(X2[C) - P(Xplc)

Classifier



Today: More Generative Bayes Classifiers

v Generative Bayes Classifier
v’ Naive Bayes Classifier
v’ Gaussian Bayes Classifiers

= (Gaussian distribution

-- Naive Gaussian BC

= Not-naive Gaussian BC = LDA, QDA
v’ Discriminative vs. Generative
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Gaussian Naive Bayes Classifier

argmax P(C| X) = argmax P(X,C) = argmax P(X | C)P(C)
C C C

Naive

ECITEE P(X1;X2;“';Xplc)= P(X1|C)P(X2[C) - P(Xplc)

Classifier

A 1 (X —p;)°
P(X.IC=c;,)= exp| - ——L
( ] z) \/EG]I p[ 20]21

M;; »mean (avearage) of attribute values X; of examples for whichC=g;,

o; :standard deviation of attribute values X; of examples for whichC =g,



Gaussian Naive Bayes Classifier

e Continuous-valued Input Attributes

— Conditional probability modeled with the normal distribution

. X . —u.)
R
Ji Ji

u; - mean (avearage) of attribute values X of examples for which C =,

o ;. standard deviation of attribute values X . of examples for which C =,

— Learning Phase: for X = (Xl,- - -,Xp), C = Ciy*5C;
Output: L different p-normal distributions and P(C=c) i=1L



Review: Generative BC ¢* = argmax P(C = ¢;|X =Xx)
X P(X = XlC = Cl)P(C = Ci)

fori =1,2,--,L
P(X|C),
C:Cl’...’CL’X :(Xl’...’Xp)
2P 2 .. 2P
P(xlc,) P(xlc,) P(xlc,)

] 1 1
Generative Generative Generative
Probabilistic Model Probabilistic Model coe Probabilistic Model
for Class 1 for Class 2 for Class L
I I (N N ) I I I 00 I I I 00 I
X1 X Xp X1 X Xp X1 X Xy

X=(x1,x2,“-,xp)
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Gaussian Naive Bayes Classifier

e Continuous-valued Input Attributes

— Conditional probability modeled with the normal distribution

. X . —u.)
R
Ji Ji

u; - mean (avearage) of attribute values X of examples for which C =,

o ;. standard deviation of attribute values X . of examples for which C =,

— Learning Phase: for X = (Xl,- - -,Xp), C = Ciy*5C;
Output: L different p-normal distributions and P(C=c) i=1L



Gaussian Naive Bayes Classifier

argmax P(C| X) = argmax P(X,C) = argmax P(X | C)P(C)
C C C

Naive

s P(Xy, Xg, Xp|C)= P(X,|C)P(Xa|C) -+ P(X,|C)
o (Lx20+ L)

A 1 (X —p;)°
P(X. |C=c)= exp| - ——
( = 'l-) \/27zaﬁ p[ 20].21-

M;; »mean (avearage) of attribute values X; of examples for whichC=g;,

o; :standard deviation of attribute values X; of examples for whichC =g,
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Gaussian Naive Bayes Classifier

e Continuous-valued Input Attributes

— Conditional probability modeled with the normal distribution
1 (Xj_xuji)2
exp| - -
N2mO .. 2(7ﬁ

JI

P(X,IC=c,)=

u; - mean (avearage) of attribute values X of examples for which C =,

o ;. standard deviation of attribute values X . of examples for which C =,

— Learning Phase: for X = (X, -,Xp), C=c, ¢,
Output: L different p-normal distributions and P(C=c,) i=1,L

' ' '
— Test Phase: for X' = (Xp”',Xp)
e (Calculate conditional probabilities with all the normal distributions

* Apply the MAP rule to make a decision m(yw_p( /Y(C?(\>/‘jb<‘\ [&),?;;P(Y?\@
L



_ 6t 01 \ d ly v )
W"“Z'( o 03 ) §x0) = Geaea) 5 fﬂ M:
0l2f)

P(X,,X,, X, 1C=c,)=P(X,IC)P(X,1C)--- P(X,C)

2
(Xj_luji)

2
2aﬁ
Each class’

.
Dlagonal I\/Iatr|x>2 Ck A Ck s

exp| —

1
- U \/meﬁ

diagonal



_ 6r 01 \ dei y )
W"“Z'(o 03 )< G030 = §oaea) > fﬂ M:
0l2f)

Tt 4P o LY <T’ +49}
P(X,,X,,»X,1C=c)=P(X,1C)P(X,|C)-P(X,|C)

{35

Each class’

Dlagonal I\/Iatr|x>2 Ck A Ck s

diagonal




Today: More Generative Bayes Classifiers

v Generative Bayes Classifier
v’ Naive Bayes Classifier
v’ Gaussian Bayes Classifiers

= (Gaussian distribution
= Nalve Gaussian BC
# = Not-naive Gaussian BC =» LDA, QDA

= | DA: Linear Discriminant Analysis
=  QDA: Quadratic Discriminant Analysis

v’ Discriminative vs. Generative
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Not Naive Gaussian means ?

P(X,,X,, X, |C)=

N, %) = iy s exp { =50 S - ) |

P(X,,X,, X, 1C=c,)=P(X,IC)P(X,1C)--- P(X,C)

1 1 xp (X )
i \/Zyra 20
Each class’
Diagonal I\/Iatr|x>2 Ck A Ck covariance
matrix is

11/6/19 Dr. Yanjun Qi / UVA CS diagona| 36



S5 |~lo
—2§28 ~lo ’ L
Not Naive Gaussian means ? =2 \%/07

Se M 3 0(Lp+eP?)
P(X,,X,, X, 1C)=
1

1 1 |
Nty %) = G g exp { 50— = o o)}

= 0(2pL )
P(X,,X,,X,1C=c)=P(X,1C)P(X,|C)-P(X,|C)
1 (Xj_Mji)2
= exp| —
1:[\/2.7170'].1. P 20
Each class’

covariance

Diagonal I\/Iatrix>2 Ck =A Ck matrix is

10/18/20 diagonal




Not Naive Gaussian means ? /A\ 2 c

wiaenal x {9 ]

P(X,,X,, X, C) =

Tt hpan o [ (P +49}

P(X,,X,, X, 1C=c,)=P(X,IC)P(X,1C)--- P(X,C)

(X—M) IQ]
<

1 1 1 _

w'/\[(xﬁl’?z) (27-‘->D/2 |2|1/2 eXp{—§(X—M>TE 1(X_/1’>}
Each class’
covariance

Dlagonal I\/Iatr|x>2 Ck A Ck matrixis

diagonal

=11 : exp| -
i ZJICjﬁ




Not-naive Gaussian BC

= | DA: Linear Discriminant Analysis
= QDA: Quadratic Discriminant Analysis

p
Z?/F > w ) L/,D Eé{
P 5
0 (< 0k #o(ﬂ’?) 0° =
0% O(?L‘H—o



Not-naive Gaussian BC

# = |DA: Linear Discriminant Analysis

=  QDA: Quadratic Discriminant Analysis

(2




(1) covariance matrix are the same across classes
=>» LDA (Linear Discriminant Analysis)

4 YW Each class’ covariance
Linear Discriminant Analysis : )., = 2, VK matrix is the same

The Gaussian Distribution are shifted versions of each
other

[ 110 ’

QD

, s 2 2 3 4 5
Class k Class | \
Class| =«
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Visualization (three classes)
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Visualization (three classes) L DA
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argmax P(C, |X)=argmaxP(X,C, )=argmaxP(X|C, )P(C,)
k k k

— argmaxlog{P(X |C,)P(C,)}

DeC|S|on Boundary Points -)

Setefy'g PCC \ ‘F(C | >

(Ct 55
TS e
ijobT\y(g/\X)



argmaxP(C | X)= argmaxP(X ,C )=argmaxP(X|C, )P(C,)
k

—argmaxlog{P(X C, )P(C )}

2T
‘%W Q@Wlf@ H@@T’(@ AL

Vo igon @wwgwﬁ (JW
PG

= Ly Rxlce) - %WM t 17@




P(C,

X)_  PIXIC) P(C,)

lo
5p(C

[

X)) PPXIC) P P(C)

Decision Boundary Points of LDA classifier =%

(s ke

= log

1

ny 2

(ke + pe) " T (pre — pre)

+ 2Ty (feg. — fLe).
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P(C,

X)_  PIXIC) P(C,)

lo
5p(C

[

X)) PPXIC) P P(C)

Decision Boundary Points of LDA classifier =%

n ke

= log

g

1

S (ki 4 pe) "B (e — pae)

PSS Yt (feg. — fbg),

The above is derived from the following :

1 B | . | .
(o \Is—1p \ Tv—1 I's—1 |
_—“ P— “ ’ “ QR “ . y T w— / y, = —“
2-’ Illnlt J _ -I ll‘l" L /l‘l' 2/11; !1“‘ \2[
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P(C.|X) = P(X|C)) . P(C)
log—*—==log “~ +]log—=
P(C|X) °P(X|C) °P(C)

Decision Boundary Points of LDA classifier =%

m 1 T —1 . 4.9
I‘ (u'}\‘ + [l.(,)TS l('u,k — ,U,[') ( )
b

= log — —
wy 2

Tvy—1 |
+x" X (g — ), =
) a @

—_——

> ')CTO( JV‘E — O = o Q(‘K@&/ /QZO\Q

Jetsion e oV
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Unear Discriminart Analysis

LDA Classification Rule (also called as
Linear discriminant function:)

= argmax [— log( ‘ 2 7

4
-
k

1

—5lT — IS — ) + log(mz)
- Note l | \ ]1v l' \ f \
= argmax |—z(r — )" L (2 — ) + log ()
5 I > :

Linear Discriminant Function for LDA
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Not-naive Gaussian BC

= | DA: Linear Discriminant Analysis

- =  QDA: Quadratic Discriminant Analysis

me =t &QA%\/\ EU\MM}U‘?/ (2




(2) If covariance matrix are not the same

e.g. = QDA (Quadratic Discriminant Analysis)

» Estimate the covariance matrix 2, separately for each class k,

k=1.2... K.
» Quadratic discriminant function:

Ok(x) = = log | k| — §(X — jk)' 2 (x — puk) + log g .
» Classification rule: /&'b 'P(chk\?(ck)

N

G(x) = arg max Ok (x) .

» Decision boundaries are quadratic equations in x.

» QDA fits the data better than LDA, but has more parameters
to estimate.

11/6/19 Dr. Yanjun Qi / UVA CS
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(2) If covariance matrix are not the same
e.g. = QDA (Quadratic Discriminant Analysis)

» Estimate the covariance matrix 2, separately for each class k,

k=12, ..K.
» Quadratic discriminant function: i Z /U( 3
1 - %'E S k} A2

- 1 - '
Ok(x) = = log |Za| — 5(x — pu) "y H(x — k) + log k- /M k

2
» Classification rule: EJUL(#P(LM
) K)=0 G(x) = arg max dy(x) . Y
TR ; K(gj K 7;3

>@ecision boundariegare quadratic equations in x.
» QDA fits the data better than LDA, but has[nore parameter%

to estimate.
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(3) Regularized Discriminant Analysis

» A compromise between LDA and QDA.

» Shrink the separate covariances of QDA toward a common
covariance as in LDA.

» Regularized covariance matrices:

A

2 () = a¥y + (1— a)f :

» The quadratic discriminant function d,(x) is defined using the
shrunken covariance matrices >, ().

» The parameter o controls the complexity of the model.

11/6/19 Dr. Yanjun Qi / UVA CS 53



More: Decision Boundary of Gaussian naive
Bayes Classifiers ??7?

Orange Team

Green Team

11/6/19 Dr. Yanjun Qi / UVA CS
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Naive Gaussian Bayes Classifier is
not a linear classifier!
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Gaussian Naive Bayes Classifier

Orange Team

Green Team

Naive Gaussian Bayes Classifier is
not a linear classifier!




Decision Boundary of Gaussian naive Bayes
Classifiers ??7?




argmax P(C_k|X)=argmax P(X,C)=argmax P(X |C)P(C)
k k

Generative Bayes Classifier

Task classification
. ; 1
Representation Prob. models p(X|C) .
| i P(X,.t-X,1C)
Score Function i EPE with 0-1 loss =» MAP |
| Rule
' —
Search/Optimization i Many Ovptions
\ 4 i v
Models, | Prob. Models’
Parameters i Parameter

aussian o _)_(“_— . 2
ﬁ\ P(X, IC=ck)=#eXp _X, P;Jk)
Bernoulli W | 2.777(7jk 2Ojk
Naive p( i = true Ck) = pi’k N' )
Multinomial P(VVl = nlr--aVVv = nv |Ck = | | 'HllikHZIzck 0 v
] e Moy
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Today: More Generative Bayes Classifiers

v Generative Bayes Classifier
v’ Naive Bayes Classifier
v’ Gaussian Bayes Classifiers

" Gaussian distribution

= Nalve Gaussian BC

= Not-naive Gaussian BC = LDA, QDA
‘ v’ Discriminative vs. Generative classifier
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Discriminative vs. Generative

Generative approach
- Model the joint distribution p(X, C) using
p(X | C=cy) and p(C = ¢y

Discriminative approach
- Model the conditional distribution p(c| X) directly

S ——

e.g.,
1
/Y(»G/\\()Q: 1 4+ e—(ﬁo+31*X))

Ng, Jordan,. "On discriminative vs. generative classifiers 2002



Pr

Discriminative vs. Generative

Logistic Regression




LDA vs. Logistic Regression

LDA (Generative model) [ine«v

— Assumes Gaussian class-conditional densities and a common covariance

— Model parameters are estimated by maximizing the full log likelihood,
parameters for each class are estimated independently of other classes,

Kp+ p(pTH) + (K — 1) parameters

— Makes use of marginal density information Pr(x)
— Easier to train, low variance, more efficient if model is correct
— Higher asymptotic error, but converges faster

 Logistic Regression (Discriminative model) f'."@l/\’

— Assumes class-conditional densities are members of the (same) exponential
family distribution

— Model parameters are estimated by maximizing the conditional log likelihood,
simultaneous consideration of all other classes, (K —1)(p + 1)parameters

— Ignores marginal density information Pr(x)
— Harder to train, robust to uncertainty about the data generation process
— Lower asymptotic error, but converges more slowly
Ng, Jordan,. "On discriminative vs. generative classifiers 2002



LDA vs. Logistic Regression

= e k?*?

LDA (Generative model) AP%’“ \ ) (ol

— Assumes Gaussian class-conditional densities and a common covariance

— Model parameters are estimated by maximizing thelfull log Iikelihood,j
parameters for each class are estimated independently of other classes,

Kp+ p(pTH) + (K — 1) parameters

— Makes use of marginal density information Pr(x)
/\—\/

— Easier to train, low variance, more efficient if model is correct

— Higher asymptotic error, but converges faster

(
« Logistic Regression (Discriminative model) = Q< ” /P+

— Assumes class-conditional densities are members of the (same) exgonentlal
family distribution P )

— Model parameters are estimated by maximizing theE:onditionaI log Iikelihoo%
simultaneous consideration of all other classes, (K —1)(p + 1)parameters

— Ignores marginal density information Pr(x)
— Harder to train, robust to uncertainty about the data generation process
— Lower asymptotic error, but converges more slowly




asymptotic classifiers

® Definitions
O hgen and hy: generative and discriminative

classifiers

O hgen inf @Nd hy ins: S@aMe classifiers but trained on
the entire population (asymptotic classifiers)

o n-— infinity, hgen > hgen,inf and hdis > hdis, inf

Ng, Jordan,. "On discriminative vs. generative classifiers: A
comparison of logistic regression and naive bayes." Advances in
neural information processing systems 14 (2002): 841.



Discriminative vs. Generative

Proposition 1: I/\ngme
€ (hdis,inf) < € (hgen,inf)

- p : number of dimensions
- n : number of observations

- € : asymptotic generalization error

Proposition 1 states that aymptotically, the error of the discriminative logistic re-
gression is smaller than that of the generative naive Bayes. This is easily shown



Logistic Regression vs. Naive /LDA

Discriminative classifier (Logistic Regression)
- Smaller asymptotic error

- Slow convergence ~ O(p)

Generative classifier (Naive Bayes)
- Larger asymptotic error
- Can handle missing data (EM)

- Fast convergence ~ O(lg(p))

the speed at which a convergent
sequence approaches its limit is called
the rate of convergence.



Ng, Jordan,. "On discriminative vs. generative classifiers: A comparison of logistic
regression and naive bayes." Advances in neural information processing systems 14

(2002): 841.
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Logistic regression / vs. Naive LDA / vs. LDA
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Xue, Jing-Hao, and D. Michael Titterington. "Comment on “On discriminative vs. generative classifiers: A comparison of

logistic regression and naive Bayes”."Neural processing letters 28.3 (2008): 169-187.



Summary: Discriminative vs. Generative

e Empirically, generative classifiers approach their asymptotic error
faster than discriminative ones
o Good for small training set
o Handle missing data well (EM)

e Empirically, discriminative classifiers have lower asymptotic error than
generative ones
o Good for larger training set
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