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What Left in SVM?

J Support Vector Machine (SVM)
v’ History of SVM
v’ Large Margin Linear Classifier
v’ Define Margin (M) in terms of model parameter
v Optimization to learn model parameters (w, b)
v’ Linearly Non-separable case (soft SVM)
v Optimization with dual form

v Nonlinear decision boundary
v’ Practical Guide k (X’ & )
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This: Kernel Support Vector Machine

-

Data

v
Task

v
Representation

v
Score Function

v

‘ Search/Optimization

v

Models,
Parameters

—

w,b

argmin E wl.2 +C§ €
i=1

_______________________________________________________________

Tabular / Text / Image/ Structured

1

' Classification / Regression / Ranking

1

Kernel Trick Func K(xi, xj) |
1 K(x,7):=Dd(x)" CD(z)

Margin + Hinge Loss

QP with Dual form

______________________________________________________________

max Z(x ——20505 Yy X

subject to Vx. € Dtrain: y, (xl. W+ b) 2l-¢ zai}’i =0, a=20 . Vi



Optimization Step
i.e. learning optimal parameter for SVM

(1. Correctly classifies all points

2. Maximizes the margin (or equivalently minimizes w'w)
s J
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Optimization Reformulation

1. Correctly classifies all points
2. Maximizes the margin (or equivalently minimizes ww)

Min (w'w)/2

subject to the following constraints:

SPS Mi=], WX >
For all xinclass+ 1
/5{ =) ?otr?:tarla(i):tz if /Eﬂ—\/ ( (/\Jr)(\+[9> Z (

[
we have n
input samples

wix+b >=1

For all xin class -1

o ) )
wixtb<=-1 iz —) ‘\Qﬁ /:jit :‘) W 9(&'('[9 < '
v S Y W=



Optimization Reformulation

R

2. Maximizes the margin (or equivalently minimizes w'w) |

P
L 1. Correctly classifies all points
J

Min (w'w)/2

subject to the following constraints: i
J ° argmin.” w’ /2
w.,b

For all xin class + 1 i '
or all xin class subject to vxieDtmm:yi(X,-'W+b)21

»

wix+b >=1 A total of n
constraints if
we have n input

wWix+b <= -1 samples

For all xin class -1
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Linearly Non separable case

e So far we assumed that a linear hyperplane can perfectly separate the points

e But this is not usually the case

- noise, outliers

Hard to solve (two

minimization problems)
o o°
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How can we convert this to a QP
problem?

- Minimize training errors?

0{ min w'w/2
min #errors



Linearly Non separable case

e So far we assumed that a linear plane can perfectly separate the

points
e But this is not usally the case

- noise, outliers

Hard to solve (two

minimization problems)
o o°
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How can we convert this to a QP
problem?

- Minimize training errors?
min w'w/2
min #errors

- Penalize training errors:

min w'w/2+C*(#errors)

/

Hard to encode in a QP
problem
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Linearly Non separable case

e Instead of minimizing the number of misclassified points we can minimize
the distance between these points and their correct plane

The new optimization problem is:

T n
] W W
min, 1S,
w 2 é 1
+1 plane i=1

7
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Linearly Non separable case

e Instead of minimizing the number of misclassified points we can minimize
the distance between these points and their correct plane

The new optimization problem is:

WTX“— b T n
SU mn, “.c5
+1 plane i=1

subject to the following inequality constrair

For all x;in class +1

T =1- .
wix+b >=1 ILS’_‘ ¢L> 0
For all x;in class-1
wixitb <= -1+ €

Wait. Are we missing something?

7
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Final optimization for linearly
non-separable case

The new optimization problem is:

subject to the following inequality
constraints:

For all x;in class + 1

wix+b >=1-&, A total of n
For all x;in class - 1 HOMSIENLE

wix+b <= '1+8i

For all i
Another n
8,- >0 } constraints
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Two optimization problems:

For the separable and non separable cases

T T n
W W W W
S

min —— min_
W 2 2 i=1 %

: i1 +
Forall xinclass +1 Forall x;in class + 1

Tx+p >= 1-E.
wix+b >=1 R
: For all x; in class - 1
For all xinclass-1
Wix+b <= -1+€,

wix+b <=-1 n
For all i N WJD
g@?(;\ﬂtlokﬁl v §€(p
L g 20 .« )/
° oo/ ° ¢ o/
° ° / // / ° o / ,/ /
/ / / o / / ’
/ / / // / //
. // / // ° ° o« / // , °
/ ) / / /
/d // 7 ® / / y, ]
/ / / i // / // .0
// / ,. ° ° / / /7@ o °
/ / ° / / / o
/ / /
/ / / / /
/ / o / , / o

’ 13
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Model Selection, find right C |
Trainigs Test
A ’ A 0

Pergo ©

Select the
right (a) Training data and an overfitting classifier ~ (b) Applying an overfitting classifier on testing
penalty i
parameter A

C

ondh C

4/14/22

(c) Training data and a better classifier (d) Applying a better classifier on testing data



Model Selection, find right C

C

A large value of C
means that
misclassifications are
bad - resulting in
smaller margins and
less training error (but
more expected true
error).

A small C results in
more training error,
hopefully better true
error.

é

ondh C

4/14/22

A

(a) Training data and an overfitting classifier

(c) Training data and a better classifier

(b) Applying an overfitting classifier on testing
data

(d) Applying a better classifier on testing data



h Q + ¥+
2 ¢ M )
Hinge Loss for Soft SVM o S ot

n 0 v
T zmax(oal_yif(xi))
n ':1
min W W+C28. 1 f
w 2 ~ i
For all x; in class + 1 . w W n .
Wix+b >= 1-€, I ar%vl}zln 5 +C§{max(0,1—lyl.(w X +b/))
For all x, in class - 1 subject to: >/ (
Tx. =zASE .
WiX+b <= -1+€, yi(WTXl-+b)21—8i
For all i
€20
€ 20

argmin Y, w’ /2
vs. Hard w,b -
SVM , | .
41422 subject to ‘v’xl. e Dtrain : Y (W X+ b) >1



What Left in SVM?

J Support Vector Machine (SVM)
v’ History of SVM
v’ Large Margin Linear Classifier
v’ Define Margin (M) in terms of model parameter
v Optimization to learn model parameters (w, b)
v’ Linearly Non-separable case (soft SVM)
‘ v Optimization with dual form
v Nonlinear decision boundary
v’ Practical Guide

4/14/22
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This: Kernel Support Vector Machine

Data

v
Task

v
Representation

v
Score Function

v

‘ Search/Optimization

v

Models,
Parameters

_______________________________________________________________

Tabular / Text / Image/ Structured

1

' Classification / Regression / Ranking

1

Kernel Trick Func K(xi, xj) |
1 K(x,7):=Dd(x)" CD(z)

Margin + Hinge Loss

—

QP with Dual form

______________________________________________________________

argmin E wl.2 +C§ €
i=1

w,b

max Z(x ——20505 Yy X

subject to Vx, € Dtrain: yi(xl. -w+b) 2l-¢ zai}’i =0, . 20 . Vi



Two optimization problems: For the separable and non separable cases

oww &
min +C E €.
w 1
i=1
For all x; in class + 1

Min (w'w)/2

Forall xin class + 1

WTX+b >= 1 wixitb >=1-&,

For all x;in class - 1

For all xin class - 1

WTXi+b <= .1 +€i
wWix+b <=-1 . )
For all i

eizo

e Instead of solving these QPs directly we will solve a dual
formulation of the SVM optimization problem

e The main reason for switching to this type of representation is that
it would allow us to use a neat trick that will make our lives easier

(and the run time faster)

4/14/22 Dr. Yanjun Qi / UVA
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Optimization Review:
Ingredients

* Objective function
e Variables
* Constraints

Find values of the variables
that minimize or maximize the objective function
while satisfying the constraints

4/14/22 Dr. Yanjun Qi / UVA 20



Optimization Review:
Constrained Optimization

7
min, u? N /7 Allowed min
N /
st.u>=b S. o 4‘/\
5 Global min
Case 1: |
|
7
N / Allowed min
N\ 7
b Global min
Case 2: |




Optimization Review:
Constrained Optimization

L=y - |

min, u? N Altowed min

st.u>=b \\

Case 1:

Allowed min

Case 2:
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Optimization Review:
Constrained Optimization

()

min, u? N

st.u>=b

/Y

. /%/Allowed min - lp> 0
S o Jﬂl\f\

Global min ‘P{(m: kl

(g}ui)“@(f ’90] Case 1:

Case 2:

'\

Xz b

,

N /7 Allowed mi

\\ , wed min L<O
\~\ £

?

Global min \g(m: v

4/14/22
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min, u?

st.u>=b

10/16/19 Dr. Yanjun Qi / UVA

o1

min Fo (W)=
e

=
~

b-U <0

%)Hm (

rot

(QW\
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min, u? M?V\ OCO (/M):Ml
st.u>=b W
“?{ St b-u <0

(‘Lf(ﬂ(‘w Var<, (2
4. L
b L, &) = U7+ (W)

(Wl (X =0 Lo

10/16/19 Dr. Yanjun Qi / UVA
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st.u>=b

min, u? M?V\ OCO (/M) - Ml
o1

St. b-ULD0
6 L(u, ™) = 'W’@f}érw
lk/l (X! Z0 ZLvo
) 595%@ = 20— X=
o



min, u?

st.u>=b

10/16/19 Dr. Yanjun Qi / UVA
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10/16/19 Dr. Yanjun

min, u?

st.u>=b

Qi / UVA

[ (w,x)
U= "/
/¢

28



— 300 =Ll = ¥ 5 ¥)

st.u>=b 2
1w W=""%
o) = S
= =
D9 (ok
] >; L4l —p X=0
oo R
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min, u?

10/16/19 Dr. Yanjun Qi / UVA
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Optimization Review: Dual Problem (Extra)

* Solving dual problem if the dual form is
easier than primal form

Primal Problem

Strong duality

* Need to change primal minimization to
dual maximization (OR =2 Need to
change primal maximization to dual
minimization)

Dual
Problem,

* Only valid when the original
optimization problem is convex/concave
(strong duality)
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Concrete derivation in L11Extra-SVMoptimDual

’ it
]C[M), V;‘/t ol /}\

. 2
9 (ox) { MK — }—5—2— +bX = M/\X{*@?’Q‘g}
. glt" 'D<>/O | O
4{ -:;GL}O)):‘- % ) 1A*=’L ) ﬂ*: {72
te b<olo:\: 0[/2 ) O(i ’; 6:0

= bW T canday
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Optimization Review:
Lagrangian Duality (Extra)

* The Primal Problem min fo(W)
w

Primal: S.t. fl(W) <0, i=1,....k

“Method of Lagrange multipliers”

The generalized Lagrangian:
8 grang convert to a higher-dimensional problem

L(w,0)= f,(w)+ 01, f,(w)

the a's (a;20) are called the Lagarangian multipliers

Lemma: f,(w) ifw satisfies primal constraints
max Lw,x)=

o0, >0

oo o/w
A re-written Primal:

min max(mi20 L(w,a)



Optimization Review:
Lagrangian Duality, cont. (Extra)

e Recall the Primal Problem:
min_ maxa,aizo L(w,x)
* The Dual Problem:

max min L(w,o)
oc,ocl.ZO w
* Theorem (weak duality):

d = max, ., min L(w,o) < min max, ., Lw,0)=p
* Theorem (strong duality):
Iff there exist a saddle point of L(w,o)
we have d = p*

Dr. Yanjun Qi / UVA
4/14/22
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Dual representation of the hard SVM QP

* We will start with the linearly separable case

* Instead of encoding the correct classification rule and

constraint we will use Lagrange multiplies to encode it as
part of the our minimization problem

Recall that Lagrange multipliers can be
applied to turn the following problem:

-

-

Min (w'w)/2
s.t.

(wixi+b)y; >=1

~

J

1 N
Lprimal(M,gJ):Ew-w—gai(yi(w-xi+b)—1)



The Dual Problem (Extra)

max .o minw,b L(w,b,) DU@( Mubﬁm
i~ = ——

* We minimize L with respect to w and b first:

train

VWL(W'b’a) W= zaiyixi =0, ( *)
i=1
train
V,Lwb,o) =20y, =0, (% %)
= _J

Note that (*) implies: train
(*) imp W:Zaiyixi ‘) (***

i=1

* Plus (***) back to L , and using (**), we have:

1
YV\N(Q L(w,b,a)= ZOC,. ——2 Ociocjyiyj(xiij)
4/14/22 d 2, i=1 2 i,j=1
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Summary: Dual for hard SVM (Extra)

Solving for w that gives maximum margin:
1. Combine objective function and constraints into new
objective function, using Lagrange multipliers \alpha;

1 N
Lpn,mal :EW'W_Z/O‘I-(J’I-(W'X,- +b)—1)

2. To minimize this Lagrangian, we take derivatives of w and
b and set them to O:

4/14/22 Dr. Yanjun Qi / UVA 38



Summary: Dual for hard SVM (Extra)

Substituting and rearranging gives the dual of the Lagrangian:

dual 205 __2 Za, J.y.yx X

which we try to maX|m|ze (not minimize).

Once we have the \alpha,, we can substitute into previous
equations to get w and b.

This defines w and b as linear combinations of the training
data train

W= Z 78 f2.8
i=1

4/14/22 Dr. Yanjun Qi / UVA 39



Summary: Dual SVM for linearly separable
case

W b % ?NG
V ({\),&QN 0 (%)

Dual formulation

1 Min (wTw)/2
max Eai ——EaiajyiijiTXj subject to the following inequality
i 2 i constraints:
For all xin class + 1

EaiYi =0

l. wix+b >=1 A total of n

_ constraints if

a. =0 Vi Forall xin class - 1 we have n

l

input samples

L %y

Easier than original QP, more efficient algorithms exist to find a;, e.g. SMO (see extra slides)
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Dual formulation for linearly

non-separable case

Dual target function: \

1 r
max, Zai _Ezaiajyiiji X;
i i

Zoc.y. =0
i Hyperparameter C
_ should be tuned
C20,20,Vi through k-folds CV

\ The only difference is that

phiw (eat st

aah + Hinge

W,b

0 (NP1

the \alpha are now
¥ bounded

4/14/22
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This is very similar to the
optimization problem in the linear
separable case, except that there
is an upper bound C on a;now

Once again, efficient algorithm
exist to find a;

- )



Prediction via Dual Weights

for linear case

Dual target function:

max Z(x ——Zaa yy] 1
Zocy =0
should be tuned

C2 a. 20,Vi through k-folds CV

\ The only difference is that
the \alpha are now /

Hyperparameter C

bounded

4/14/22
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ﬂ%ﬁ

To evaluate a new sample x,, we
need to compute:

T _ T
\Y th"'b_ Z oy X th+b

k i esupportV /

This is very similar to the
optimization problem in the linear
separable case, except that there is
an upper bound C on a;now

Once again, efficient algorithm exist
to find a;

42



Dual SVM — Training using Kernel Matrix

: 1
Our dual target function: __ T
g max E a. > E ooy Y X X,
i 1)

AN

zaiyi =0 Dot product among all
f training samples
Czaizo,w

Lt 5, N

L f

2 Ty ,

o ALt AL T

8 : _J nxn

4/14/22 Dr. Yanjun Qi / UVA 43



This: Kernel Support Vector Machine

Data

v
Task

v
Representation

v
Score Function

v

‘ Search/Optimization

v

Models,
‘ Parameters

_______________________________________________________________

Tabular / Text / Image/ Structured

1

' Classification / Regression / Ranking

1

Kernel Trick Func K(xi, xj) |
1 K(x,7):=Dd(x)" CD(z)

Margin + Hinge Loss

—

QP with Dual form

______________________________________________________________

argmin E wl.2 +C§ €
i=1

w,b

max Z(x ——20505 Yy X

subject to Vx, € Dtrain: yi(xi 'W+b) 2l-¢ zai}’i =0, . 20 . Vi



Support vectors: non-zero a;

* only a few a, can be nonzero!!

V v - ai(yi(wai-l_b)_l):O’ 1=1,sn

4/14/22 Dr. Yanjun Qi / UVA
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a,(y,(w-x,+b)-1)=0, i=1,..n

‘ Class 2

» Mo SO D/t'-‘«'@

2,=0 Hard SUM

W X+b= —

4/14/22 Dr. Yanjun Qi / UVA 46



» only a few aj can be nonzero! le. yl(w X + b) =1

(xi(yi(w-xi+b)—1)=0, i=1,..,n » j(t;mﬁ()(‘g—) N

Class 2

ag=0.6 @ 10=0
o
W

a4:O ‘.
N owl =
] X WX + b
a9:O T .
- w x+b=0
\ Class 1 d3 “_ > O

T _—
4/14/22 \" w X+,..b.u..,T.w, .



Support vectors: non-zero a;

* only a few a, can be nonzero!!

Oci(yi(w-xi+b)—1):0, i=1,...,n

o MU= 75 0

We call the training data points whose a;'s are
nonzero the support vectors (SV)

4/14/22 Dr. Yanjun Qi / UVA
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Dual SVM - interpretation

For @thatare 0, no
influence

4/14/22 Dr. Yanjun Qi / UVA 49



4/14/22

Dual SVM- Testing

Dot product with (“all” ?7?)
training samples

To evaluate a new sample x,, we
need to compute:

SN

y, =sign(w'x_+b)=sign( D) ayx'x _+b)

i=1.n

» )//;:sign D ociyi(xiTxts)+b

ieSupportVectors
v, >0

For \alpha, that are O,

no influence

Dr. Yanjun Qi / UVA
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Support Vectors for the Soft-SVM

Oci(yi(w-xi +b)—1+£i)= 0, I
e Support vectors are

yl.(xl. -W-I-b) =1,
e Samples on the margin:

O<ocl.<C

» Samples violating the margin (mostly inside the margin area):

4
o =0 o+
oy (xeweb)<
A+

% o, =C

=D

More in L11Extra-SVMoptimDual



Value C and Number of Support Vectors (no clear
relation!!!)

C is how hard we want to punish misclassified examples in the training set.

So for large values of C, it would make sense that if misclassifed examples are severely punished, then it
will choose a small margin with not many support vectors.

For small values of C, it would broaden the margin, and as a result, end up getting more points inside of the
margin (if not easily separable), so there would be possibly more support vectors.

| thought that this StackExchange post described it pretty well.

As in this example, the small ¢ has more "support vectors" than the large ¢

X X
o O o O

o o
O o— o
O o C o

xxix
X X X X
X X X X
X XX X

(o) G-

X1 X1
lowc large c

https://github.com/scikit-learn/scikit-learn/issues/7955

https://stats.stackexchange.com/questions/31066/what-is-the-influence-of-c-in-
svms-with-linear-kernel Dr. Yanjun Qi / UVA £
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https://github.com/scikit-learn/scikit-learn/issues/7955
https://stats.stackexchange.com/questions/31066/what-is-the-influence-of-c-in-svms-with-linear-kernel

o) e-ﬁ. RBF
Why do SVMs work” Vs ‘P (3

4 If we are using huge features spaces (e.g., with T
kernels), how come we are not overfitting the data”

v" Number of parameters remains the same (and most
are set to 0) o(n) O 3=,

v While we have a lot of inputs, at the end we only
care about the support vectors and these are usually a
small group of samples

v" The maximizing of the margin acts as a sort of
regularization term leading to reduced overfitting
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Summary of SVM

J Support Vector Machine (SVM)
v’ History of SVM
v’ Large Margin Linear Classifier
v’ Define Margin (M) in terms of model parameter
v’ Optimization to learn model parameters (w, b)
v Non linearly separable case
v Optimization with dual form
v Nonlinear decision boundary

v’ Practical Guide
v" File format / LIBSVM
v’ Feature preprocsssing
v Model selection
v’ Pipeline procedure

4/14/22
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(Recap) N
kN N : /3‘tS=|L< . 8,\‘/
lkaet'j(\bovs »og XS
- . fW\a k '\%k\r r‘% X4 ~0 (’L")

U Fte= S okt k(K %) +b
depurt ~ () e sV | _

[
g et/ L ety +h)

?M Now\ {4. z
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