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Machine Learning in a Nutshell

Dalta
Task ML grew out of
1 work in Al
Representation -
Optimize a
1 performance criterion
Score Function using example data or
1 past experience,

Aiming to generalize to
unseen data

Search/Optimization

Models, Parameter, Metric
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Past Course Content Plan =» Regarding Tasks

7D
A-Regression-{supervised) Y is a continuous
-Learningtheory About f{)
[ Classification (supervised) Yis a discrete
. Unsupervised models NO'Y
KEI Deep Learning models About interactions among YX1,. Xp

J Reinforcement Lea miﬂg Learn to Interact with environment

9/29/2026 3



Different Type of Data
Si

X X2 - Xg_
d Tabular / Matrix %

L

Sn

J 2D Grid Structured: Imaging Ix; n"‘a
Xl Xy

——

J 1D Sequential Structured: Text

J Graph Structured (Relational)

J Set Structured / 3D / Robotic Action Data

9/29/2026



Today: Logistic Regression Classifier

Data: X

1

Task: y

1

Representation: : x, f()

v
Score Function: L()

v
Search/Optimization :
argmin()

1

Models, Parameters, metrics

9/29/2026

X: Tabular

1

Binary Classification

é Log-odds y = linear function of Xs

MLE

1

lterative (Newton) method
/ SGD

1

Logistic weights
/ Accuracy / F1

—

—>



Roadmap

‘  Bayes Classifier: Classification MAP Rule

1 Logistic Regression Representation
d Training LG by MLE

9/29/2026



Bayes classifiers

* Treat each feature attribute and the class label as random

variables.
C" {CH o C(_]‘

9/29/2026 7



Bayes classifiers {Cn S

* Treat each feature attribute and the class label as random variables.
* Training: What is an appropriate loss for classification? Ytrue
* E.g. Compare training class to output class: Zero-One loss (per class) C; C2 ..__Q_
) ﬁ A '§’ % 0
L(g,y) = I(§ # ), S A
CL 2

* Can we model/estimate p(Y=C; [x) = p( C; | X3, X5, ..., X, ) directly from reference data?

9/29/2026 8



Bayes classifiers

* Treat each feature attribute and the class label as random variables.

* Testing: Given a sample vector x with attributes as ( x;, X,, ..., X, ):

* Goal is to predict its class
« HOW: =»we want to find the class that maximizes p( ¢ | Xy, X5, ..., X, ).

v
pleX) i}
YAED

9/29/2026 9




Bayes Classifiers — Predict via MAP Rule

Task: Classify a new instance X: X:<XI,X2,_ _ _,Xp>

based on:

CMAP_argmaXP(C | X, X, x) < MAP Rule

CDC \

MAP = Maximum Aposteriori Probability

9/29/2026
/25 Adapt From Carols’ prob tutorial 10



Bayes Classifiers — Predict via MAP Rule

e Establishing a probabilistic model for classification

= MAP classification rule
=>» To Assign x to c* if

P(C=c |X=x)B P(C=c|X=x)
for( c,m=c e

L
ZP(ecjlx):l
3=




Recap: Statistical Decision Theory (Extra)

9/29

eRandom input vector: X
eRandom output variable: Y
Joint distribution: Pr(X)Y )
| oss function L(Y, f(X))

*Expected prediction error (EPE):

EPE(f) =E(L(Y, f(X))) = [ L(», f(x))Pr(dx,dy)

e.g.= [{y— f(x))"Pr(dx,dy)
<TAT>

Consider

population
distribution

e.g. Squared error loss (also called L2 loss ) for regression

/2026



SUMMARY: WHEN Expected prediction error (EPE) USES DIFFERENT LOSS (Extra)

Loss Function Estimator f(z)

t L(e)
L \ / f(z) = BIY|X = ]

2 L(e€)
L, f(z) = median(Y|X = z)

> €

2+ L(€)

01 f(x) = arg myax PY|X =)
—5 5 > € (Bayes classifier / MAP)

9/29/2026

Please read extra slides for how to get MAP-rule from minimize EPE-0/1




f X —} C i Establishing a probabilistic model
AEREY N for classification

Output is one of the

Discrete Class Label . p
Cy, Gy, .., G Cypyp = aAIgnax (Cj | Xps Xgyenay X )

p
cJ-DC -
Pc]x)

{653

7 PX)
|I argmaxP(c|X)= argmaxP(X c)= argmaxP(X |c)P(c

Pl cC ﬁ

|| Discriminative argmaxP(c/X)[’M':{c ,DIDC }
Dscriminative 4 2 A,

cC

9/29/2026 : 14




Three major groups of classifiers

* We can divide the large variety of classification approaches into
roughly three major types

-
1. Discriminative /F(C’l X )

» directly estimate a decision rule/boundary
e.g., support vector machine, decision tree, logistic regression,

e.g. neural networks (NN), deep NN

3. Instance based classifiers
- Use observation directly (no models)

9/29/2026 15



Section 2: " X——%C : /P(dX\

W\/

+ (x)

9/29/2026
Adapt from Prof. Ke Chen NB slides



Section 2: " X——%K : /P(dX\

e

+ (x))

— Discriminative Classifiers

argmaxP(c [ X),H T ={c,,c,}

2] cC
P(c,1%) P(c,1x) P(c, 1%) clX
f 1 °°= 1 PeIx)

Discriminative
Probabilistic Classifier

—

I T eee X

1
X, X, I%ip
X=(x,,x, 11k )

9/29/2026 17
Adapt from Prof. Ke Chen NB slides



Bayes Classifier

Task Classification

1

v |
- Representation - Cyyp =argmax P(c; [ X, X5,.., X))

1@DC

¢ |
Score Function MLE
' —
Search/Optimization Vo
M v
Models, | .
Parameters | Parameters in P(C|X)

9/29/2026 18



Roadmap

1 Bayes Classifier: Classification MAP Rule
1 Logistic Regression Representation
d Training LG by MLE

9/29/2026
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Summary: Logistic Regression Classifier

* View I: logit(y) as linear of Xs

* View II: model Y as Bernoulli with p(y=1]|x) as p(Head)
* View lII: S" shape function compress to [0,1]
* View IV: models a linear classification boundary!

e View V: Two stages: summation + sigmoid

9/29/2026 20



Today: Logistic Regression Classifier

Data: X

1

Task: y

1

Representation: : x, f()

v
Score Function: L()

v
Search/Optimization :
argmin()

1

Models, Parameters, metrics

9/29/2026

X: Tabular

1

Binary Classification

é Log-odds y = linear function of Xs

MLE

1

lterative (Newton) method
/ SGD

1

Logistic weights
/ Accuracy / F1

Pt



Multivariate linear regression to Logistic Regression

-

Yy = ,80 + ,lel + ﬁzXz +... +,8pxp
Logistic regression for
binary classification
— T =
Log-odds ) )
P(y|x
In| 2WIX) | s sy i bt Bx
. 1-P( y‘x) PP

9/29/2026 22



Multivariate linear regression to Logistic Regression

Yy = ,80 + ,lel + ﬁzXz"‘. -, +,8pxp‘
e || Biagy Vavinile
S Y Yes, No
Log-odds P(;\|X) | , 0O
In =B+ Bx, +Bx,++Bx \H > T
. _1—P( y‘x)_ _

p(Y=2>= 1~ p(¥=!| XD

9/29/2026 23



View [: logit of p(y=1|x) is linear function of x

=-| \I)

ZH\ ) =) In 1}_)(}))](5‘(1) =ﬂ0+ﬂ1x1+ﬂ2x2+...+ﬂpxp

—

Logit function I_Oglt of P(y | X)

9/29/2026



Summary: Logistic Regression Classifier

* View I: logit(y) as linear of Xs

e View Il: model Y as Bernoulli with p(y=1|x) as p(Head)
* View lII: S" shape function compress to [0,1]
* View IV: models a linear classification boundary!

e View V: Two stages: summation + sigmoid

9/29/2026 25



View II: Model Y|X as Bernoulli:

B@'\‘Wul' ()igt !r'Lhﬂ;n

In[p/(1-p)]

P (Y=1|x) (

0.8
0.6
04 +
0.2 +
»
oo | 0
S 0 0 40 g0 a0 100 120 140

9/2026 X




Logistic Regression p(y|x)

_ 1?5{(';‘(1) _ = ,BO +,6’1x1 +,Bzx2 + ...+,Bpxp

(" ,

g l
A(Hed)

a ,BO + ,lel + ,Bzx2+...+ ,Bpxp 1

In

= P(y[x)= =

o 1 n eﬁ0+,81x1+,6’2x2+...+ﬁpxp - 1 n e_(ﬂ0+ﬂTX)

9/29/2026



Review: Bernoulli Distribution
e.g. Coin Flips

oll | /F
* You flip a coin BM " | ( ) T
* Z:{Who is Up: Head or Tail} is a discrete Random Variable { H ’T}

* Head with probability p = (P(He‘d)
* Binary random variable

* Bernoulli trial with success probability p

{Z()zlf '-.Jin}"
Cpon T AT plHend)

10/21/19 Dr. Yanjun Qi / UVA CS



Logistic Regression—Bernoulli Distribution with
p(Head) as a function of x

Logistic regression models are appropriate when the
target variable is coded as 0/1.

We only observe “0” and “1” for the target variable— .
but we think of the target variable conceptually as a eﬁ x

bability that “class=1" will _ - =,
probability that class=1" will occur. ’F(HM):?G llx)_ e@,xﬂ

This means we use Bernoulli distribution to model the target variable with its
Bernoulli parameter p=p(y=1|x) predefined.

The main interest =2 predicting the probability that an event occurs (i.e., the
probability that p(y=1]|x) ).

9/29/2026 29



View II: Model Y| X as Bernoulli:

e.g. P(Y=1|X)
Probability of 1.0 -

disease P(y‘X) _

a+px

e
1+e

a+px

0.8 -

0.6 -

0.4 -

0.2

0.0 : . .'.

9/29/2026
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Summary: Logistic Regression Classifier

* View I: logit(y) as linear of Xs

e View Il: model Y as Bernoulli with p(y=1|x) as p(Head)
* View lII: S" shape function compress to [0,1]
* View IV: models a linear classification boundary!

e View V: Two stages: summation + sigmoid

9/29/2026 31



View llI: "S" shape function compress output to [0,1]
LegstiR= LR+ Sigpoi A

P (Y=1]X)
1.0 - e[&lﬁil
P(y‘x) - 1 a+Bx
0.8 - te a+ fx
‘ - | —c0, +0]
‘J"j*\db\ 0.6 -
W | {
¢ a+ B
v 04 = e®*F
& 1+ eathx
0.2 - 10,1]
0.0

9/29/2026



View |V: Logistic Regression models\
a linear classification boundary!

:5H,T\—

Qg mAX D ’5\){)
e §o. 1 ¥

?( NE Olf)- PlY= 'I ) DCC'W BﬂhJArﬂ

} =
?(!\j:\‘x\ ~T B ?(.3“‘13
QM\Q'P(“J;""-’\?‘)3 =X ~ D=0




In

View |V: Logistic Regression models
a linear classification boundary!

% [{0,1}

Pylx)
1-PO).

In

Py=1x)|_,

P(y=0]x)_

P(y=1|x) |

=, +Bx tLXx, +.+ ,Bpxp

Decision Boundary =» equals to zero

1-P(y=1]|x) |

V

=a+p X +[X, +...+,Bpxl



-

. TRE TR ; P

% Thank You +

9/29/2026



UVA CS 4774:
r Machine Learning T

Lecture 11: Logistic Regression

Module Il

Dr. Yanjun Qi

University of Virginia

Department of Computer Science
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Roadmap

1 Bayes Classifier: Classification MAP Rule
O Logistic Regression Representation )

-  Training LG by MLE

9/29/2026

PCCl X

37



Today: Logistic Regression Classifier P(y = l‘x) —

14 M7
Data: X ; X: Tabular
Task: y Binary Classification
Representation: : x, f() Log-odds vy = linear function of Xs
! !
Score Function: L() | — VILE
Y I (N 1 ) hod
CAA - : i terative (Newton) metho
Search/Opt|_m|zat|on : | s
argmin() ; 1
1 _ Logistic weights |
Models, Parameters, metrics § A §
: ccuracy / F1 \
’ =\
9/29/2026 'F_(_lji_a‘_X_)_E__t‘__F(ﬂ____l}__ 38



Maximum Likelihood Estimation '[H HTT. H}

Z : {HJTS-—_){Z’ ’22 ‘ ”xzn}
A general Statement P(2) - {1’} I-'P]‘ \/—V'];(Teaaf)/

Consider a sample set T=(Z,...Z,) which is drawn from a probability
distribution P(Z|\theta) where \theta are parameters.

If the Zs are independent with probability density function P(Z,|\theta),
the joint probability of the whole set is

0= 0P (Z:...2 |9)S ﬂP(z o)

?(He&)

this may be maximised with respect to \theta
to give the maximum likelihood estimates.

10/23/19 Dr. Yanjun Qi / UVA CS 39



Theideais to

v’ assume a particular model with@nknown parameter(s) o

v'we can then define the probability of observing a givén event
conditional on a particular set of parameters. P(Z;|0)

v' We have observed a set of outcomes in the real world. 2,2 ...%

v’ Itis then possible to choose a set of parameters whichare '’ L
most likely to have produced the observed results.

6 = argmax P(Zl. . Zn‘H) = Hp(ziw) <Uke“h00d
0 i=1

— 0< <]
This is maximum likelihood. In most cases it is both consistent -
and efficient. n 3,

log(L(0)) = z lOg(P(Zi|9)< Log-Likelihood
i=1" -~

It is often convenient to work with the Log of the likelihood function.

9/29/2026 40



Review: Defining Likelihood for basic Bernoulli

..t
Gﬁm: {‘21)2?,; v, ZY\}- B ot
T 1% VE {?}
{H* - H}V\ :{?(Hem\)‘
U rbrmulpt "
{l;‘s Db“‘"_,l}'n' h

Emi \ej‘-'-' 20T (Hee € {0} ~



Review: Defining Likelihood for basic Bernoulli

log(L(p) i T
= log ”_Lzlpzi (1-— p)l‘zi]

=Yi=1(zlogp + (1 — z;)log(1 — p))

=logp Xit1z; +log(1—p)XiL(1—z)

=xlog p + (n — x)log (1 — p)

Observed data = A total of x heads-up from n trials



Extra

Review: Defining Likelihood for basic Bernoulli

o) x \ i.e. negative
Jiﬂ) I(p)\: wifj:;mn{—xlog(p)—(n—x)log(l—p)JL log-likelihood
i (
ﬂl(p)zo_x_—(n—x) ‘H—D \
dp p l-p §=—x+pn
OZ—E-I— n—Xx Minimize the negative log-likelihood
[?] p 1-p = MLE parameter estimation
(11— _ A X
0= X(l p)+p(n X) p — — i.e. Relative
o p(1-p) frequency of a

binary event

n
@:—x+px+pn—px J




Extra

{H) l_"Jy—rx 1 '—\}v\
From Basic Bernoulli to |
st L= Y| X
Logistic Regression Logistic Yogsin Zi, = J | i
,_9 {/gt‘):[ 5 /HZ_IFXZ_ y e ;}jn(xl,l]‘

Observing binary samples z_i

—
PMF: S

Pr(z;|p) = p#i(1 —p)'~%
— <

LIKELIHOQOD:

L(p) = H,_lpzi (1-p)
e == 1= T

function of p=Pr(head)

9/29/2026



o Bagy Berranll; Lo iseic / B non ;

LIKELIHOOD:

L(p) = n?_lpz{' (1 —p)la {-\‘((é) V:, 5!!1,
functic:n of p=Pr(head) [ ?(’ﬂ :| i,) (I“‘?(H"”"?ﬁ)

e |riod [Cvets Enopy)
log(L(p) = log ﬂ_[fl_lpZi (1 - )| L’%L : h(., /g\
= Yi=1(zlogp + (1 — z)log(1 - p)) -—;@ﬁ (@): ;Z Jj"" B’Q L




i=1

QL 1(8)=[] {logPr(Y = y | X =x )}
7l

When training set includes (x;, v,), i=1,...,N

Qe(p)= 2. O P (| %)
%) oA =]
e (9% ):«f



Extra

MILE for Logistic Regression Training

Training set: (x, yi), i=1,...,N

I(f)= D UogPr(Y =y, |X=x,)}

=[] {y,log(Pr(Y =1| X =x,))+(1- y,)log(Pr(Y =0| X =x,))}

exp(f'x,) 1

1+eXp(,BTxi))+(1_yi)log1+exp(,BTxi))

N
=[] (y.p"x —log(1+exp(B x.))) i.e. negative
=1 Cross entropy

N
= |(y log
i=1



Today: Logistic Regression Classifier

Data: X

1

Task: y

1

Representation: : x, f()

v
Score Function: L()

v
Search/Optimization :
argmin()

1

Models, Parameters, metrics

9/29/2026

X: Tabular

1

Binary Classification

1

Log-odds y = linear function of Xs

!
mie NLL

é lterative (Newton) method

/ SGD

1

Logistic weights
/ Accuracy / F1

POt



Extra

Summary: MLE for Logistic Regression Training

Let’s fit the logistic regression model for K=2, i.e., number of classes is 2

For Bernoulli distribution

p(y|x)y(1-p)”

(conditional ) l(ﬂ):ﬂ {logPr(Y = y, | X=x)}
Log-likelihood: =1

=ﬂ Y. log(Pr(Y=1|X=x))+(1-y )log(Pr(Y=0| X =x.))

i=1

Training set: (x;, i), i=1,...,N

A exp(f'x,) B 1

- E (¥;log 1+ e><p(,BTxi))+(1 y,Jlog 1+ exp(,BTxi))
=[1(y,B"x,—log(1+exp(S'x,)))

i=1

x; are (p+1)-dimensional input vector with leading entry 1
\beta is a (p+1)-dimensional vector

We want to maximize the log-likelihood in order to estimate \beta

See Extra Slides How to used Newton-Raphson optimization



Today: Logistic Regression Classifier

Data: X

1

Task: y

1

Representation: : x, f()

v
Score Function: L()

v
Search/Optimization :
argmin()

1

Models, Parameters, metrics

9/29/2026

X: Tabular

1

Binary Classification

1

Log-odds y = linear function of Xs

!

MLE

1

ﬁ lterative (Newton) method

/ SGD

1

Logistic weights
/ Accuracy / F1

pldeo o=t



ReWrite Logistic Regression as two stages:

VItw 1L

First:

Summing Z = BO ~+ ,lel + ﬁzxz —+... +ﬁpxp

Second: eﬁ0+ﬁ1x1+ﬁ2x2+...+ﬁp.Xp eZ

Sigmoid V=P (v= — —
Squashing y=P(y=11) 1+ePotBix1+Baxa+-+Bpxp  1tez

9/29/2026
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One “Neuron”: Block View of Logistic Regression

‘T —
5 B X Q‘k
X - —
: AWxth |+e&
z
X, @ = P(Y=1|x,w)
Input X
npu: 3 Summing Sigmoid
g X3 Function Function
.
Multiply by
+1 weights
Z=W"X+b
Y
y = sigmoid(z) =

1+ e’




Next: “Block View” of Logistic Regression (plus loss)

W is a vector

Zis avector %

y . /PI outputy$

Input

Dot Product

parameterized
block, W needs
to be learned

|‘1‘QE |
£ (1) [—>
Sigmoid \l/
MS'QI’DQ‘P’QLM
‘ rss -

No Parameters
to Learn

53



Next: Stochastic GD =

 For LR: linear regression, We have the
following gradient descent rule: j(&) LZ

t+1 t a )}
Hj =6’j —OK%J(H)
t v,

J

e =» For neural network, we have the delta rule

AW =—17 £ E(w) ‘Z

W

W”lzwt—n%:wmw ﬂ
7]
W

9/29/2026 54




Takeaway: Logistic Regression Classifier

* View I: logit(y) as linear of Xs

* View II: model Y as Bernoulli with p(y=1]|x) as p(Head)
* View lII: S" shape function compress to [0,1]

* View IV: models a linear classification boundary!

e View V: Two stages: summation + sigmoid

9/29/2026
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Today: Logistic Regression Classifier

Data: X

1

Task: y

1

Representation: : x, f()

v
Score Function: L()

v
Search/Optimization :
argmin()

1

Models, Parameters, metrics

9/29/2026

’F(Hea&) eﬂ0+,8Tx

P(y = l‘x) =

X: Tabular

1

Binary Classification

1

Log-odds y = linear function of Xs

!

MLE

1

lterative (Newton) method
/ SGD

1

Logistic weights
/ Accuracy / F1



-

. TRE TR ; P

% Thank You +
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 Prof. Tan, Steinbach, Kumar’s “Introduction to Data Mining” slide
d Prof. Andrew Moore’s slides

 Prof. Eric Xing’s slides
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Today: Extra

v’ Bayes Classifier and MAP Rule?

' = Bayes Classifier

= Expected Prediction Error
" (-1 Loss function for Bayes Classifier

(;7(
c
v’ Logistic regression ?(/\j\ﬂ = T;E@’T
" Parameter Estimation for LR I

——

?

9/29/2026



Bayes classifiers

* Treat each feature attribute and the class label as random variables.

* Given a sample x with attributes ( x;, x5, ..., X, ):
* Goal is to predict its class C.

* Specifically, we want to find the value of C, that maximizes p( C; | X1, Xy, ..., X, ).

* Can we estimate p(C, |x) =p(C | x4, X;, ..., X, ) directly from data?

9/29/2026
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Bayes classifiers

* Treat each feature attribute and the class label as random variables.

* Given a sample x with attributes ( x;, x5, ..., X, ):
* Goal is to predict its class C.
* Specifically, we want to find the value of C, that maximizes p( C; | X1, Xy, ..., X, ).

* Can we estimate p(C, |x) =p(C | x4, X;, ..., X, ) directly from data?

—) {CUCL) !CL}‘

9/29/2026 61



Bayes classifiers

=>» MAP classification rule

e Establishing a probabilistic model for classification

=>» MAP classification rule

—  MAP: Maximum A Posterior

— Assign x to c* if

P(C=c

X*

X=x)B>R(C=c|X=x)m

r'.;PrE c,l=c,

c

L

Adapt from Prof. Ke Chen NB:slides



Bayes classifiers
=>» MAP classification rule

e Establishing a probabilistic model for classification
=>» MAP classification rule

—  MAP: Maximum A Posterior

— Assign x to c* if

V((:({IM X =7 -

9/29/2026 Adapt from Prof. Ke Chen NB:slides



Bayes Classifiers — MAP Rule

Task: Classify a new instance X based on a tuple of attribute values

into one of the classes  y _ <X1:X29" _,Xp>

chC

Cpyp = ATGMAX P(C; [ X, X5, X)) < WHY ?

MAP = Maximum Aposteriori Probability

9/29/2026 , ., 64
Adapt From Carols’ prob tutorial



Recap: Statistical Decision Theory (Extra)

9/29

/2026

eRandom input vector: X

eRandom output variable: Y .
e e | &9
Joint distribution: Pr(X,Y )=>D-— |
| oss function L(Y, f(X)) |

-).2“ ) "Jﬂ)

*Expected prediction error (EPE):

EPE(f) =E(L(Y, f(X))) = [ L(», f(x))Pr(dx,dy)

e.g.= L{y—f(x))" Pr(dx,dy)
IT

Consider

population
distribution

e.g. Squared error loss (also called L2 loss )




SUMMARY: WHEN Expected prediction error (EPE) USES DIFFERENT LOSS (Extra)

Loss Function Estimator f(z)
t L(e)
L \ / f(z) = BIY|X = ]
» €
s L(e)
L, f(z) = median(Y|X = z)
> €
2+ L(€)
01 f(x) = arg myax PY|X =)
—5 5 > € (Bayes classifier / MAP)

9/29/2026

Please read extra slides for how to get MAP-rule from minimize EPE-0/1




0-1 LOSS for Classification
& k=0, LEN=0

* Procedure for categorical output variable C

g kx4, L(G:JQL-—.]_

* Frequently, 0-1 loss function used: L(k, £)
|

* L(k, ) is the price paid for misclassifying an element from class Ck as

belonging to class CE

=>» L*L matrix

AR CHCROR

9/29/2026 - =



Expected prediction error (EPE)

*Expected prediction error (EPE), with
expectation taken w.r.t. the joint distribution
Pr(C,X)

* Pr(C,X )=Pr(C IX)Pr(X/i s SRS X

EPE(f)=E, . (L(C, f(X))

=E, [ | LIC,,f(X)]Pr(C, | X)

Pl k=l

Consider
sample
population

distribution

9/29/2026



EPEA) = Exe (L(c f(z))
=Ly EC!Z (L(C {(2){

Disawete RV s Expetesiny,

B EX Z L[C“ %)) Pr(CelR) |

_____ {P-ntufﬁ} N gmm 10 kel XLX

> L(x0)- orgnin s | (e A fe) ‘7"(("‘(“)

{0EC ‘xf‘f’v’_"a 0 |

9/29/2026 : C. '[L_.,



Expected prediction error (EPE)

Consider

K sample
EPE(f) — EX,C (L(C,f(X)) — EXD L[Ck’f(X)]Pr(Ck |X) gosgéatti.on
Pl k=1 istribution

* Pointwise minimization suffices

K

« > simply f(X):argmingDC L(C,,g)Pr(C, | X =x)

7] k=1

la

f(x)=c, mra

l Pr(C, | X =x)=maxPr(g| X =x)
g-c

Bayes Classifier

9/29/2026



SUMMARY: WHEN Expected prediction error (EPE) USES DIFFERENT
LOSS

Loss Function Estimator f(=)
) Qe =Eur (T-103)
L \ / f(z) = EIY|X = 2]
» €
s+ L(e)
L, f(z) = median(Y|X = z)
> €
+L(¢) )
01 f(x) = arg myax PY|X =)
5135 > € (Bayes classifier / MAP)

9/29/2026



Today: Extra

v' Why Bayes Classification — MAP Rule?
" Expected Prediction Error

" (-1 Loss function for Bayes Classifier
575
¢
<) = —at
v’ Logistic regression ?N\ 4 et

‘ " Parameter Estimation for LR W\

?

9/29/2026



Logistic Regression Assumptions

. Linearity in the logit — the regression equation should have a
linear relationship with the logit form of the target variable

. There is no assumption about the feature variables / target
predictors being linearly related to each other.

9/29/2026




Newton’s method for optimization

* The most basic second-order optimization algorithm

D O i =0c -0y

N@W@h - Oky1 =0k — H;;lgk

e Updating parameter with

Sy
i

9/29/2026 74



Review: Hessian Matrix / n==2 case

Singlevariate - multivariate f(xy)

( I

* 15t derivative to gradient, _ _ Ox

; = 5

¥
e 2nd derivative to Hessian ( 2 f 2 f
H _ Ox2 Ox0y
o’f  &f




Review: Hesslan Matrix

Suppose that f : R™ — R is a function that takes a vector in R™ and returns a real number.
Then the Hessian matrix with respect to z, written V2 f(z) or simply as H is the n x n
matrix of partial derivatives,

- 0%(@)  9%f(a) P f(z) 7
Smf Ox10x0 Ox10z,
) fx) ... 0*f(a)
Vif(ﬁg) = Rnxn — Orodx 3:1:% Oro0Tn
i@ @) ... (@)
L fzn,0z1 Ozndzo dzx2 U

9/29/2026 76



Newton’s method for optimization

* Making a quadratic/second-order Taylor series approximation

1

Friad(6) = £(61) + &F (6 — 61) +5(6 — 6,)THL(6 - 6)

Finding the minimum
solution of the above
right quadratic
approximation (quadratic
function minimization is
easy !)

9/29/2026



)= 5180+ 8¢ (0-6¢) +
L (0-9) H (6-6k)
\/ﬁ/ —

12—( 9H.0-20 He 9/<+6/<H/¢@1k>

9(?(9)
588 :O‘fjk’f'%}'/k@"‘%ﬁkﬁk =0
N—

| Smfzqwz%
I + He (6 -0k) =0
|
> 0= 9k — Heldx

L9 ¢ R



Newton’s Method / second-order Taylor series
approximation




Newton’s Method / second-order Taylor
series approximation




Newton’s Method / second-order Taylor
series approximation



Newton’s Method / second-order Taylor
series approximation



Newton’s Method

* At each step: 6’k 0 _ f’(@k)

T M6
O =0, _H_l(‘gk) 1(6,)

* Requires 1%t and 2" derivatives

* Quadratic convergence

* =» However, finding the inverse of the Hessian matrix is often
expensive

9/29/2026 83



Newton vs. GD for optimization

* Newton: a quadratic/second-order Taylor series approximat|on
A ./i B =0k — H@jgwk’)
Faquad(0) = f(0r) +g; (0 — ) + = (0 — 0;)" Hy (0 — 64)
2

Finding the minimum solution of
the above right quadratic
approximation (quadratic
function minimization is easy !)

Frsaa(6) = £(81) + &1(0 —0) 4 2(6 — 0,)7—(6 — 6,)

\
Y Ol = 9\? — aLQH’L)

9/29/2026 84



Comparison

* Newton’s method vs. Gradient descent

A comparison of gradient descent
(green) and Newton's method (red)
for minimizing a function (with
small step sizes).

Newton’s method uses curvature
information to get a more direct
route ...

SIWASTPAVAS)
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VILE for Logistic Regression Training

Let’s fit the logistic regression model for K=2, i.e., number of classes is 2

For Bernoulli distribution

p(y|x)y(1-p)”

Training set: (x;, i), i=1,...,N

(conditional I8)=[] {logPr(¥ = y, | X =x,)}
Log-likelihood: L
m =[]y log(Pr(Y=1|X=x))+(1-y )log(Pr(Y=0|X=x))
o exp(f'x) | 1
ey T )

—D (v,8'x,~log(1+exp(S'x,)))

=l

x; are (p+1)-dimensional input vector with leading entry 1
\beta is a (p+1)-dimensional vector

o20006 We want to maximize the log-likelihood in order to estimate \beta



Vo
108)=T {logPr(¥ — y1X=x)}

ﬁ?%@&XJ@%wi
A e (X)%( P9 [ ) T e




Newton-Raphson for LR (optional)

AP & exp(fx)
o5 2 e

\)wﬂ

(p+1) Non-linear equations to solve fornknowns G

Solve by Newton-Raphson method:

ew old DZI(IB) -1 H(IB)
[ ] — )
I p =l 5 )] 5

Dzl(ﬂ))_ : T exp(,Bx) )( 1
LB I i 1 +exp(B' x,) 1+exp(,8x)

minimizes a quadratic approximation
to the function we are really interested in.

Orr1=0r —H gk




Newton-Raphson for LR...

B

(

B

FUB)
BB

So, NR rule becomes:

AN-by—(p+1)

9/29/2026

_yl_

V2

L VN

AN-by-1

N

_ exp(fS’ x)
- @1 O rexp(FT0)
)y~ _xTwx

X' (v—-p)

NS p =)= S

B B+ (XTWX) X (v = p),

[ exp(B7x) [(1+exp(B7x,) |

exp( S x,) (1+exp( ' x,))

| exp(f'xy) (1+exp( S xy)

X :Nx(p+1) matrix of x,
y:Nx] matrix of y,
p:Nx1matrix of p(x,;B")
W : N x N diagonal matrix of p(x,; 8)1- p(x,; 8°))

AN-by-1

exp(B'x) - 1
(1+exp(S’x,))

(I+ eXp(ﬂTX,-)))

o

89
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Newton-Raphson for LR...

e Newton-Raphson
— anew — ﬂOZd +(XTWX)—1 XT (y_p)
_ o _ R i
=(XWX) ' XWX + W (= D)) Neweon stanas
_ (XTWX)_IXTWZ 4w weighted least

squarestep
— Adjusted responsH<X X3 ><

z=Xp"" +W ' (y—p) W 2

— lteratively reweighted least squares (IRLS)
L argm}n (z—XB")' W(z-XB")

« arg min y=-p)'W'(y-p)

9/29/2026 90



Binary =2 Multinoulli
Logistic Regression Model 5 & & S0 E0E

A (6| %)

Directly models the posterior probabilities as the output of regression

exp(B,,+ B, X)

K-1

1+[ ] exp(B,+p x)
1

Pr(G=k|X=x)=  k=1,.,K-1

Pr(G=K|X=x)=

K-1

1+[ ] exp(B,+pB x)
7 -1

X is p-dimensional input vector

I”[fkT is a p-dimensional vector for each class k

> C="
Total number of parameters is (K-1)(p+1) @@O %\C )
— p

Note that the class boundaries are linear
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Binary =» Multinoulli [24k=b)
Logistic Regression Model o e R R

(IX X
W"‘é‘@ *._Qii’f .
=i TR T

V(6 k)
’,{ > 3
/R’@"?\ ) ) Qg
7 et

Note that the class boundaries are(linear
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