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Curse of Dimensionality

* Increasing the number of features will not
always improve classification accuracy.

* In practice, the inclusion of more features

might actually lead to worse performance.

* The number of training examples required
increases exponentially with
dimensionality p

Pattern Recognition Chapter 3 (Duda et al.) — Section 3.8
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e.g., QSAR: Drug Screening
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e.g., Leukemia Diagnosis
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e.g., Text Categorization with many BOW featuers
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Reuters: 21578 news wire, 114 semantic
categories.

20 newsgroups: 19997 articles, 20
categories.

WebKB: 8282 web pages, 7 categories.
Bag-of-words: >100,000 features.

Bekkerman et al,
JMLR, 2003
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e.g., Movie Reviews and Revenues: An Experiment in Text
Regression, Proceedings of HLT '10 (1.7k n / >3k features)

e.g.counts

IV. Features of a ngram in

the text

Lexical n-grams (1,2,3)

Part-of-speech n-grams (1,2,3)

Dependency relations (nsubj,advmod,...)

Meta

U.S. origin, running time, budget (log),

# of opening screens, genre, MPAA
rating, holiday release (summer,
Christmas, Memorial day,... ), star power
(Oscar winners, high-grossing actors)
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Dimensionality Reduction

* What is the objective?

* Choose an optimum set of features of lower dimensionality to improve
classification accuracy.

(

performance

»
>

dimensionality

Pattern Recognition Chapter 3 (Duda et al.) — Section 3.8



Dimension Reduction =2 Simpler models

* Because:
* Simpler to use (lower computational complexity)
 Easier to train (needs less examples)
* Less sensitive to noise
* Easier to explain (more interpretable)
* Generalizes better (lower variance)

Adapted from Dr. Christoph Eick Slides



Today: Dimensionality Reduction (Two Ways)

Feature extraction: finds a set of new Feature selection: chooses a
features (i.e., through some mapping f()) subset of the original features.
from the existing features. I
The mapping f() X
x, | could be linear or X, -
. X.
X, non-linear . i
M X,
y2 X = . —> y =
X = ——)f(x) y = .
xi
| Vi | . - K-
x| K<<N | Xy K<<N o

Pattern Recognition Chapter 3 (Duda et al.) — Section 3.8



Feature Selection

e Select the most relevant ones to build better, faster, and easier to understand
learning models.

A
v

From Dr. Isabelle Guyon



Summary: Feature Selection

* Filtering approach:
ranks features or feature subsets independently of the predictor.

e ...using univariate methods: consider one variable at a time
e ...using multivariate methods: consider more than one variables at a time

* Wrapper approach:
uses a predictor to assess (many) features or feature subsets.

* Embedding approach:

uses a predictor to build a (single) model with a subset of
features that are internally selected.

10/8/20 Dr. Yanjun Qi / UVA CS 11



Summary: filters vs. wrappers vs.
embedding

= Main goal: rank subsets of useful features

Feature .
All features — Filter —— bset — Predictor

Multiple
All features Feature | Predictor
subsets
Wrapper -«
Feature
subset
" Embedded /
All features *  method
\Predictor
10/8/20
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(1) Filtering: univariate filtering
e.g. T-test

= Goal: determine the relevance of a given single feature for two classes of samples.
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(1) Filtering : multi-variate:
Feature Subset Selection

Filter Methods

 Select subsets of variables as a pre-processing step,

independently of the used classifier!!

input

feature

Input variables Feature « | Learning
features ~ | subset selection — | algorithm
* E.g. Group correlation
« E.g. Information theoretic filtering methods such as
Markov blanket

10/8/20
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(1) Filtering : Summary

Filter Methods

10/8/20

usually fast

provide generic selection of features, not tuned by given
learner (universal)

this is also often criticised (feature set not optimized for
used learner)

Often used as a preprocessing step for other methods

Dr. Yanjun Qi / UVA CS 15
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(1) Filtering : (many choices)

| Method . X | Y |Comments |

|Name |Formula| B|M|C|B|M|C| |

Bayesian accuracy Eq. 3.1 [+ s| |+4|s| |Theoretically the golden standard, rescaled Bayesian relevance Eq. 3.2.

Balanced accuracy Eq. 34 [+ s |+|s| |Average of sensitivity and specificity; used for unbalanced dataset,
same as AUC for binary targets.

Bi-normal separation Eq. 35 [+/s| |+ Used in information retrieval.

F-measure v Eq. 3.7 |[+/s| |+ Harmonic of recall and precision, popular in information retrieval.

Odds ratio Vv Eq. 36 |+|s| |+ Popular in information retrieval.

Means separation Eq. 3.10+| i |+|+ Based on two class means, related to Fisher's criterion.

T-statistics Eq. 3.11 4+ i |+|+ Based also on the means separation.

Pearson correlation \/ Eq. 3.9 |+ 1 +/4| i |+|Linear correlation, significance test Eq. 3.12, or a permutation test.

Group correlation V4 Eq. 3.13/+| i |+|+| i |+|Pearson’s coeflicient for subset of features.

v: \/ |Eq. 38 +/s | +|s | |Results depend on the number of samples m.

Relief Eq. 3.15/+ s |+|+| s |+|Family of methods. the formula is for a simplified version ReliefX,
captures local correlations and feature interactions.

Separability Split Value Eq. 341+ s |+ /4| s | |Decision tree index.

Kolmogorov distance Eq. 3.16/+| s |+|+| s |+|Difference between joint and product probabilities.

Bayesian measure Eq. 3.16/ 4+ s |+ /4| s |+|Same as Vajda entropy Eq. 3.23 and Gini Eq. 3.39.

Kullback-Leibler divergence Eq. 3.20/ 4+ s |44/ s |+|Equivalent to mutual information.

Jeffreys-Matusita distance |Eq. 3.22/+| s |44/ s |+|Rarely used but worth trying.

Value Difference Metric Eq. 322+ s |+4|s| |Used for symbolic data in similarity-based methods,
and symbolic feature-feature correlations.

Mutual Information V Eq. 3.29/+| s |4+ /4| s |+|Equivalent to information gain Eq. 3.30.

Information Gain Ratio Eq. 3.32/ 4| s |4+|+| s |+|Information gain divided by feature entropy, stable evaluation.

Symmetrical Uncertainty |Eq. 3.35 4+ s |4+|4| s |+|Low bias for multivalued features.

J-measure Eq. 3.36/+| s |+ 4| s |+|Measures information provided by a logical rule.

Weight vi : . 3.37 N rely . -Eli .

e gfdeccs [B0 3 e [H[1s [l SO ElSSESTE IR 2004

Springer 2006




(2) Wrapper

* Wrapper approach:

uses a predictor to assess (many)
features or feature subsets.
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Wrapper Methods

All features %

— \

—
—

Multiple
Feature
subsets

Wrapper

Predictor
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(2) Wrapper : Feature Subset Selection

Wrapper Methods

10/8/20

Learner is considered a black-box

Interface of the black-box is used to score subsets of
variables according to the predictive power of the
learner when using the subsets.

Results vary for different learners

Dr. Yanjun Qi / UVA CS 19
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(b). Search: even more search
strategies for selecting feature subset

= Forward selection or backward elimination.

= Beam search: keep k best path at each step.

= GSFS: generalized sequential forward selection — when (n-k)

features are left try all subsets of g features. More trainings at each
step, but fewer steps.

= PTA(l,r): plus |, take away r — at each step, run SFS | times
then SBS r times.

" Floating search: One step of SFS (resp. SBS), then SBS (resp.
SFS) as long as we find better subsets than those of the same

size obtained so far.

10/8/20 Dr. Yanjun Qi / UVA CS 20
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(3) Embedded

*Embedding approach:

uses a predictor to build a (single) model
with a subset of features that are internally
selected.

10/8/20 Dr. Yanjun Qi / UVA CS



In practice...

* No method is universally better:

 wide variety of types of variables, data distributions,
learning machines, and objectives.

* Feature selection is not always necessary to achieve
good performance.

From Dr. Isabelle Guyon



Today: Dimensionality Reduction (Two Ways)

Feature extraction: finds a set of new Feature selection: chooses a

features (i.e., through some mapping f()) subset of the original features.
from the existing features.

o

The mapping f()
x, | could be linear or X, _ -
X, non-linear . Y,
Yi X.
)
y2 X = —> y =
X = 10y - .
xi
| Vi | . LK
X K<<N Xy K<<N
| VN - 23

Pattern Recognition Chapter 3 (Duda et al.) — Section 3.8



Feature Extraction

* Linear combinations are particularly attractive because they are
simpler to compute and analytically tractable.

* Given x € RN, find an N x K matrix U such that:

y = U'x € RK where K<N

_xl _
Xy - . N
T W This is a projection from
U ¥, the N-dimensional space to
X = TNV a K-dimensional space.
| Vi ]
| Xy

24
Pattern Recognition Chapter 3 (Duda et al.) — Section 3.8



Feature Extraction (cont’d)

* From a mathematical point of view, finding an optimum
mapping y=f(x) is equivalent to optimizing an objective
function.

* Different methods use different objective functions, e.g.,
* Information Loss: The goal is to represent the data as accurately as

possible (i.e., no loss of information) in the lower-dimensional space.

* Discriminatory Information: The goal is to enhance the class-
discriminatory information in the lower-dimensional space.

Pattern Recognition Chapter 3 (Duda et al.) — Section 3.8
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Feature Extraction (cont’d)

« Commonly used linear feature extraction methods:

* Principal Components Analysis (PCA): Seeks a projection that
preserves as much information in the data as possible.

* Linear Discriminant Analysis (LDA): Seeks a projection that best
discriminates the data.

* More methods:
* Retaining interesting directions (Projection Pursuit),

* Making features as independent as possible (Independent Component
Analysis or ICA),

* Embedding to lower dimensional manifolds (Isomap, Locally Linear
Embedding or LLE).

26
Pattern Recognition Chapter 3 (Duda et al.) — Section 3.8
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Principal Component Analysis

Task

\ 4
Representation

v
Score Function

v
Search/Optimization

\4

Models,
Parameters

Dimension Reduction

1

Gaussian assumption

Direction of maximum
variance

1

Eigen-decomp

1

Principal
components

Dr. Yanjun Qi / UVA CS 27



How does PCA work?

* Principal Components Analysis (PCA): approximating a high-
dimensional data set with a lower-dimensional linear subspace
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How does PCA work?

* Find line of best fit, passing through the origin

Gene 2

Gene 2




How does PCA work? Explaining Variance

e Each PC always explains some proportion of the total variance in the
data. Between them they explain everything

* PC1 always explains the most
* PC2 is the next highest etc. etc.

Second principal component First principal component

»

Original axes

Data points



-l

Recap: “Block View”

lst
hidden layer

.

, “Softmax”

2nd
hidden layer

>

3
BAE
C)
L aX e
IN

Output layer

Loss Module
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an auto-encoder-decoder is trained to reproduce the input

output -
Tdecode

Minimize diff
hidden - 2 >
| X- X

encode
Input

o ) S| mmm) 2y

Reconstruction Loss: force the ‘hidden layer’ units to become good
/ reliable feature detectors

32
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Autoencoders: structure

e Encoder: compress input into a latent-space of usually smaller
dimension. h =f(x)

* Decoder: reconstruct input from the latent space. r = g(f(x)) with r as
close to x as possible

Original Input Latent Representation Reconstructed Output
X h r

https://towardsdatascience.com/deep-inside-autoencoders-7e41f319999f



Autoencoders: many variations

* Denoising: input clean image + * Neural network autoencoders
noise and train to reproduce Can learn nonlinear dependencies
the clean image. Can use convolutional layers

Can use transfer learning

—| Encoder —>i—> Decoder Z

Compressed
representation

|

The feature we want to
extract from the image

Noisiy input Denoised image

https://www.edureka.co/blog/autoencoders-tutorial/



Today Recap: Dimensionality Reduction (Two Ways)

Feature extraction: finds a set of new
features (i.e., through some mapping f())

from the existing features.

Xy

The mapping f()
could be linear or

non-linear

S (x) —

3
Y

K<<N

Pattern Recognition Chapter 3 (Duda et al.) — Section 3.8

Yk |

Feature selection: chooses a
subset of the original features.

35



Many More: tSNE / UMPA

PCA on MNIST (0-9)
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Extra for PCA



Today

= Dimensionality Reduction (unsupervised)

with Principal Components Analysis (PCA)

‘ 0 Review of eigenvalue, eigenvector

0 How to project samples into a line capturing the variation of the
whole dataset = Eigenvector / Eigenvalue of covariance matrix

o PCA for dimension reduction
0 Eigenface =2 PCA for face recognition



Review: Mean and Variance

e \ariance:

Var(X)=E((X-u)’)

* Discrete RVs:

« Continuous RVs: V(X) = Zv,. (Vi - ﬂ)z P(X = Vi)
r(X)= [ (x-u) f(x)s

* Covariance:

Cov(X,Y)=E((X—p )Y - ))=E(XY)-u 1,



Review: Eigenvector / Eigenvalue

o The eigenvalues A; are found by
solving the equation j Cu=\u
det(C-?»I)=0 uz0

» Eigenvectors are columns of the
matrix U such that

C=uDU'

e Where D= |y

From Dr. S. Narasimhan



Review: Eigenvalue, e.g.

Let us take two variables with covariance ¢>0

¢y coar= (1-A c
c 1 c 1-A

det(CAD=(1-1)2c* <

Solving this we find A; =1+c

A, =1-Cc < A

From Dr. S. Narasimhan



Review: Eigenvector, e.g.

* Any eigenvector U satisfies the condition
Cu=)\u

I

U = e (a)_(a+ca, \a,
a, c 1) \a, ca, +a, _(Kaz

Solving we find U, = ( 1; \2) U, =
1/4/2 |

In practice, much more advance methods, e.g. power method from Dr. S. Narasimhan



Today

= Dimensionality Reduction (unsupervised)
with Principal Components Analysis (PCA)

0 Review of eigenvalue, eigenvector

‘ 0 How to project samples into a line capturing the variation of the
whole dataset = Eigenvector / Eigenvalue of covariance matrix

o PCA for dimension reduction
0 Eigenface =2 PCA for face recognition



X, X, X,
s, d
S2
S3
Sq a data matrix of n observations on p
variables x3,%,...X,
S5
S¢

 Data/points/instances/examples/samples/records: [ FOWS ]

 Features/attributes/dimensions/independent
variables/covariates/predictors/regressors: [ colum ﬂS]

10/8/20 Dr. Yanjun Qi / UVA CS
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The Goal

We wish to explain/summarize the
underlying variance-covariance structure of
a large set of variables through a few linear
combinations of these variables.

PCA is introduced by Pearson (1901)
and Hotelling (1933)

10/8/20 Dr. Yanjun Qi / UVA CS 46



Trick: Rotate Coordinate Axes

Suppose we have a sample population measured on p random
variables  Xy,...,X,.

Our goal is to develop a new set of K (K<p) axes

(linear combinations of the original p axes) in the directions of
greatest variability: X, 4

(] “ 0- ‘\

This'could be accomplished by rotating the axes (if data is centered).



Trick: Rotate Coordinate Axes

Suppose we have a sample population measured on p random
variables  Xy,...,X,.

Our goal is to develop a new set of K (K<p) axes

(linear combinations of the original p axes) in the directions of
greatest variability:

This'could be accomplished by rotating the axes (if data is centered).



Algebraic Interpretation

* Given n points in a p dimensional space,

e for large p, how to project on to a lower-dimensional (K<p)
space while preserving broad trends in the data and allowing
it to be visualized?

FROM NOW we assume Data matrix is centered: =2 (we subtract the mean
along each dimension, and center the original axis system at the centroid of
all data points, for simplicity)



Algebraic Interpretation — (k=1)

* Given n points in a p dimensional space, how to project on to
a 1 dimensional space?

* Choose a line that fits the data so the points are spread out
well along the line

10/8/20 Dr. Yanjun Qi / UVA CS 50
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Let us see it on a figure
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Algebraic Interpretation — (k=1)

* Formally, to find a line that =» Maximizing the sum of squares
of data samples’ projections on that line

10/8/20 Dr. Yanjun Qi / UVA CS 52
From Dr. S. Narasimhan
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Figure 1: The dot product is fundamentally a projection.
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Algebraic Interpretation — 1D

* Formally, to find a line (direction) that =2 Maximizing the sum
of squares of data samples’ projections on that line

subject to VTV — 1

x: p*1 vector
v: p*1 vector
10/8/20 Dr.YanjunQ‘\/u“s: 1*1 Scalar 54



Algebraic Interpretation — 1D

* Formally, to find a line (direction) that =» Maximizing the sum
of squares of data samples’ projections on that line

subject to VTV — 1

x: p*1 vector
v: p*1 vector
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Algebraic Interpretation — 1D

* Formally, to find a line (direction) that =» Maximizing the sum
nf cniarec nf data camnlec<’ nrniections on that line

size of x’s projection on
vector v = u=x'v = v'x

subject to VTV — 1

x: p*1 vector
v: p*1 vector
10/8/20 &‘Q)\\%&\ Dr.YanjunQi/Uus: 1*1 Scalar 56



Algebraic Interpretation — 1D case
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Algebraic Interpretation — 1D

* How is the sum of squares of projection lengths

expressed in algebraic terms? 5
. /\/\

Lime ppp. o | |Pointlix| | L

N I I i Point 2: x,' |

123..n Point 3: x;' n

: e

Point n: x,'
V! XT X y
n*p 0*1

From Dr. S. Narasimhan



Algebraic Interpretation — 1D

* How is the sum of squares of projection lengths
expressed in algebraic terms?

max( v X" Xv), sujectto VIV =1
 J



Algebraic Interpretation — 1D

LI . TXTX subject to U :1
* Rewriting this: max{ VXTX), siectio VIV

VIXIXv = A =Aviv=v(Av)

<=> Vv (X'Xv—=Av) =0

M AT T, Dr. Yanjun Qi / UVA CS
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Algebraic Interpretation — 1D

max( V' X" Xv), sujectto VIV =1

* Rewriting this:
VIXIXv = A =Aviv=v(Av)
<=> Vv (X'Xv—=Av) =

* Show that the maximum value of VTXTXV is obtained for
those vectors / directions satisfying XTXV = \V

*So, find the largest A and associated v such that the

matrix X' X when applied to v, yields a new vector
which is in the same direction as v, only scaled by a

factor A. e



Algebraic Interpretation — 1D

* (X'X)v points in some other direction (different from v) in
general

(XTX)v

_—V
=» [f v is an eigenvector and A is corresponding eigenvalue

XIXv=Av
—

So, find the largest A and associated v such that the matrix XTX when applied to v,
yields a new vector which is in the same direction as v, only scaled by a factor A.

10/8/20 Dr. Yanjun Qi / UVA CS 62



Algebraic Interpretation — beyond 1D

« For matrices of the form (symmetric) X' X

* All eigenvalues are non-negative
* See Handout-1 “linear algebra review” / Page 18,19,20

*\;...\, are the eigenvalues, ordering from large to small,
*j.e. Ordered by the PC’s importance

10/8/20 Dr. Yanjun Qi / UVA CS 63



PCA Eigenvectors =» Principal Components
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PCA (k=1) : How the sum of squares of projection
lengths relates to VARIANCE 7

size of one sample x’s projection on vector v
= u=x'v =v'x

* [n a new coordinate system with v as axis, u is the position of sample x on
this axis

10/8/20 Dr. Yanjun Qi / UVA CS 65



0

—

w

W
|@|

X
Figure 1: The dot product is fundamentally a projection.

10/8/20 Dr. Yanjun Qi / UVA CS 66



PCA (k=1) : How the sum of squares of projection
lengths relates to VARIANCE ?

Consider the variation along
Y direction v considering all of the
| points {x_1,x_2,..., Xx_n}

=» The variance of all positions
\ {ulu?2,.., un}

convert x_i onto V coordinate
e =P U_i=(x )TV

: From Dr. S. Nara?imhan



How the sum of squares of projection lengths
relates to VARIANCE ?

2 2 Assuming
Var(u) — E (ui — ‘LL) P(u = ui) — E (ul) centered
Z8 u; data matrix
,L A
— o\- This means the following two objectives
W
. \V\N( 2.\ K’U are the same, for finding a line (direction
& 6 N v\(‘\\(\& v ) by
yL}\f\f\@( =» Maximizing the sum of squares of
— \ data samples’ projections on thatv
‘E‘ line
N
=2 Maximizing the variance of data
samples’ projected representations

on the v axis

|

10/8/20 Dr. Yanjun Qi / UVA CS 68



Centered Vs. Not Centered Formulation

) Center X,«, Vs.
(7(;( (\\éﬁ @Ki:? not-centered X «,
O

K@/N@ subject to VTV — 1
4%
e x: p*1 vector
S\ O

v: p*1 vector
u: 1*1 scalar .



Today

= Dimensionality Reduction (unsupervised)
with Principal Components Analysis (PCA)

0 Review of eigenvalue, eigenvector

0 How to project samples into a line capturing the variation of the
whole dataset = Eigenvector / Eigenvalue of covariance matrix

‘ o PCA for dimension reduction
0 Eigenface =2 PCA for face recognition



Applications

* Uses: e Examples:
* Data Visualization * How many unique “sub-sets” are in the
 Data Reduction sample?
* Data Classification * How are they similar / different?
* Trend Analysis * What are the underlying factors that
* Factor Analysis influence the samples?

Noise Reduction * How to best present what is “interesting”?

* Which “sub-set” does this new sample
rightfully belong?

From Dr. S. Narasimhan



Principal Components prgjection of the digits (time 0.02s)

e.g. the new
reduced

representation

is easier to
visualize and

interpret
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Interpretation of PCA

From p original coordinates: x;,x,,...,x,:

Produce k new coordinates :

[ When p=2
2011X1+012X2+ +01po o
— 021)(1 + 022X2 + ...+ Oszp Compo:ent ’
10/8/20 Dr. Yanjun Qi / UVA CS 4 2 0 2



Interpretation of PCA

's are Principal Components

such that:
are uncorrelated (orthogonal) from each other
explains as much as possible of original variance in data set
explains as much as possible of remaining variance

etc.

. kth PC retains the kth greatest fraction of the variation in the samples

From Dr. S. Narasimhan



Var(uk) = izzl(ukl.)z = VkTXTXVk

* The new variables (PCs) have a variance equal to their corresponding
eigenvalue, since

Var(uk)= v/ XTXvi = viT N vie= Mevi" v = }\k

for all k:_Z,D

* Small }\k < small variance <> data change little in the direction of
component v,

PCA is useful for finding new, more informative,
uncorrelated features; it reduces dimensionality
o DYy rejecting low variance features .



PCA Eigenvalues

- &(/(/W\(R
Ap=Ver
208 P et
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PCA Summary until now

e Rotates multivariate dataset into a new
configuration which is easier to interpret

* PCA is useful for finding new, more informative,
uncorrelated features; it reduces dimensionality by
rejecting low variance features

v' PCA compresses (i.e. perform projection ) the data
points by only using the top few eigenvectors.

v' This corresponds to choosing a “linear subspace”
represent points on a line, plane, or “hyper-plane”



PCA for dimension reduction
e.g. p=3 =» (pick top k=2 PCs)

<=
Q L
L
2 3
g
£
o]
°
a
2 3
G %
© o o
cc) o.. .
& o ;
o B
I
o
' I 1 T 1 T
-1.0 -05 0.0 05 1.0
First principal component

corresponds to choosing a

“2D linear plane”
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How many components to keep?

* |. Variance: Enough PCs to have a cumulative variance explained by
the PCs that is >50-70%

* |I. Scree plot: represents the ability of PCs to explain the variation in
data, e.g. keep PCs with eigenvalues >1

From Dr. S. Narasimhan



e.g. check eigenvalue (l)

Scree Plot
5
i
lI'|
.II
49
I"."
Y
\ l<: 3
L R
)
'...l
2" I'."'.,.
v \
5 (3.
g e~ B
T TB—g
R -B___B'_—ﬁ—_
w0 e N NS i = momn -

1 2 3|4 s & 7 8 9 10 11 12 13

Component|Number
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e.g. check percentage of kept variance

Can ignore the components of lesser significance.

25

20 -

RN
9)
|

RN
o
|

Variance (%)

(&)}
\

The relative variance explained by each PC is
given by A/sum(Ay)

PC1

\ Hﬂﬂﬂﬂﬂm

PC2 PC3 PC4 PC5 PCo6 PC7 PC8 PC9 PC10

You do lose some information, but if the eigenvalues are small, you don’t lose much

10/8/20

p dimensions in original data

Calculate p eigenvectors and eigenvalues

choose only the first k eigenvectors, by keep enough variance
final projected data set has only k dimensions

Dr. Yanjun Qi / UVA CS 81



Why to Reduce Dimension?

* PCA as a general dimensionality reduction technique

* Preserves most of variance with a much more compact representation
— Lower storage requirements (eigenvectors + a few numbers (k) per sample)
— Faster matching (since matching within a lower-dim)



(1) Limitations of PCA

* PCA is not effective for some datasets.
e For example, if the data is a set of strings

(1,0,0,0,...), (0,1,0,0...),...,,(0,0,0,...,1) then the eigenvalues do not fall
off as PCA requires.

Q;/A,WV\W\/\Q = [( ){ , (J

10/8/20 Dr. Yanjun Qi / UVA CS
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(2) PCA and Discrimination

e The direction of maximum variance is not always good for
classification (Example 1)

For this case:

+ |deal for

capturing global
variance !

+ Not ideal for
discrimination

-

0/8/20 r. &y i S 84
1 . " FirstPCAe From Prof. Derek Hoiem



PCA and Discrimination

* PCA may not find the best directions for discriminating
between two classes. (Example 2)

* Example:

* suppose the two classes have 2D Gaussian densities as
ellipsoids.

* 15t eigenvector is best for representing the probabilities /
overall data trend

« 2nd eigenvector is best for discrimination.

7

10/8/20 85
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Algebraic Review

* How many eigenvectors are there?

* For Real Symmetric Matrices

* except in degenerate cases when eigenvalues repeat, there are p
eigenvectors

u;...,u, are the eigenvectors
A;...\, are the eigenvalues, large to small, ordered by its value

e all eigenvectors are mutually orthogonal and therefore form a new basis space

* Eigenvectors for distinct eigenvalues are mutually orthogonal

* Eigenvectors corresponding to the same eigenvalue have the property that any
linear combination is also an eigenvector with the same eigenvalue; one can
then find as many orthogonal eigenvectors as the number of repeats of the

eigenvalue.

10/8/20 Dr. Yanjun Qi / UVA CS
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Today

= Dimensionality Reduction (unsupervised)
with Principal Components Analysis (PCA)

0 Review of eigenvalue, eigenvector

0 How to project samples into a line capturing the variation of the
whole dataset = Eigenvector / Eigenvalue of covariance matrix

o PCA for dimension reduction
‘ 0 Eigenface =2 PCA for face recognition



Example 1: Application to image, e.g. a task
of face recognition

*S =)
1. Treat pixels as a vector X

2. Recognize face by 1-nearest neighbor

A face-image

yl '"yn database of totally n

different people

k = argininHykT — XH

Dr. Yanjun Qi / UVA CS

From Prof. Derek Hogigem



Example 1: the space of all face images

* \When viewed as vectors of pixel values, face images are
extremely high-dimensional

» 100x100 image =(10,000 dim@ 7)_- (0 500

 Slow and lots of storage

e But very few 10,000-dimensional vectors are valid face
Images

e We want to effectively model the subspace of face images

10/8/20
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Example 1:The space of all face images

eEigenface idea: construct a low-dimensional linear
subspace that best explains the variation in the set of
face images

FAL

O
2 @ ‘... ./.

s dnil  han@
= ~
i ../{: ‘ .. . (l/\ oWV ,PAQ"M%
O / 0% o
P
L > Cee 0 ® S
7 >

\

Pixel value 1

@ A face image
® A (non-face) image

10/8/20 Dr. Yanjun Qi / UVA CS
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1.

2.

3.

Example 1: Application to Faces, e.g.
Eigenfaces (PCA on face images)

Compute covariance matrix of face images

Compute the principal components (“eigenfaces”)
. K eigenvectors with largest eigenvalues

Represent all face images in the dataset as linear combinations of
eigenfaces
. Perform nearest neighbors on these projected low-d coefficients

oM, Turk and A. Pentland, Face Recognition using Eigenfaces, CVPR 1991

91


http://www.cs.ucsb.edu/~mturk/Papers/mturk-CVPR91.pdf

Example 1: Application to Faces

Training

PELE PR
ﬁ?§w§§W§
DEPREPRED R

x._.,, BPEE _gmnl\—u. Wz

DILDBDREHD D

:?3@93@@&?
DL BRPDEBE Rl
R B EESE

ey g e %mge-u s %

Sl k) B2 bl S bl b

Images
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Example 1: Eigenfaces example

Top eigenvectors: Uy, ..Uy k:l{

(X% (X-%) T T

Mean: u

_ 1%
—U=— )X
X Nk=1k

Bt it | - i
- = - - i
\ .‘ [ .

From rof. re Hie

10/8/20



Example 1: Visualization of eigenfaces

?Dz 0,200

Principal component (eigenvector) ug

BF RS e EE
S k=91
e ({ )= N [ ?J% 7
U+ 304Uy e Te
@b G R
U — 304Uk

R AT
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Example 1: Representation and
reconstruction of original x

e Face x in “face space” coordina’g?;\/ _yTx

| (M)»\-- U (x — pu)]
[% e ’wkj New repr.esentation

Remarkably few eigenvector terms are needed
to give a fair likeness of most people's faces.

=» subtract the mean along each dimension, in order to center the
original axis system at the centroid of all data points

10/8/20 Dr. Yanjun Qi / UVA CS 95



Representation and reconstruction

e Face x in “face space” coordinates:

x — [ (x — p1),... il (x — )]
= Wwi,y...,Wk

. _ New representation
* keconstruction:

= ” X = Q [/L € ConSmvinctsp €IV

o - @ + WAUTFWOUZ FW3UsHWals . 'H/\)K[\AK

L0/5/20 A human face may be considered to be a linear .,
combination of these standardized eigen faces  From Prof. Derek Hoiem
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New representation in the lower-dim PC space

5 0 ylﬂ\r\/\j
r?< Xil, X, ]

6.0

10/8/20 9‘8
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Key Property of Eigenspace Representation

Given A
e 2 images xl o X2 that are used to construct the Eigenspace
. él is the eigenspace projection of image )2'
. §2 is the eigenspace projection of image 552

Then,

| céz _él | =~ | 3%2 _3%1 |

That is, distance in Eigenspace is approximately equal to the
distance between two original images.

10/8/20 Dr. Yanjun Qi / UVA CS 99



Classify / Recognition with eigenfaces

Step I: Process labeled training images

* Find mean u and covariance matrix
* Find k principal components (i.e. eigenvectors of 2) = uy,...u,

* Project each training image x; onto subspace spanned by the top
principal components:

(Wi, oo, Wi) = (U (= 1), o, U (= 1)

M. Turk and A. Pentland, Face Recdghition Using Eigenfaces, CVPR 1991 e



http://www.cs.ucsb.edu/~mturk/Papers/mturk-CVPR91.pdf

Classify / Recognition with eigenfaces

Step 2: Nearest neighbor based face classification

Given a novel image x
* Project onto k PC’s subspace:
(Wl,...,Wk) = (ulT(X_ H)/ ) ukT(X_ H))

* Optional: check reconstruction error x — x to determine whether the image is
really a face A

* Classify as closest training face(s) in the lower  k-dimensional subspace

M. Turk and A. Pentland, Face Recdghition Using Eigenfaces, CVPR 1991 o



http://www.cs.ucsb.edu/~mturk/Papers/mturk-CVPR91.pdf

Is this a face or not?

e N
L St]'n )
- R

I\

———,
e
——————

|

—

Onginal faces
trainingSet

—

E = exgenfaces(trainingSet)

y

W = weights(E trainingSet)

Input unknown image X

l

\ 4

10/8/20

")

Wi = weight(E, X)

¥

D = avg(distance(W,Wx))

D<H?

Y

Xis a face

X is not a face

Store X and Wy

7

Figure 1: High-level functioning principle of the eigenface-based facial recognition

algorithm

End



Example 2: e.g. Handwritten Digits

7333333333333

23333%3333333
333233333332
2333332333323

FIGURE 14.22. A sample of 130 handuwritten 3 sshe@~q variety of writing
styles.

Compute principal

Image x; : R>>°

components

e.g. From ESL book



@*nmml Componart

FIGURE 14.23. (Left panel:) the first two principal components of the hand-
written threes. The circled points are the closest projected images to the vertices
of a grid, defined by the marginal quantiles of the principal components. (Right
panel:) The images corresponding to the circled points. These show the nature of

0

-5

x = [u](x = p1),. ., (x = po)]

3

e .I. . :-G o
PN SRR *
. - * e g -.4 r
T LS
e AT
H ele "0 "y .
g a
S 2ut., D b ~e
P . ."‘: |2
.l.- .b: ‘. o'h‘-{“;y: .. - .-g
" e LR I .|-' L
o o o8 e

.._:' : ] : 3

3]
23

S
3
3.

the first two principal components.
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E——=1,..., Wk

K=2 @ Figure
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Principal Components prgjection of the digits (time 0.02s)

' ]
| 0 {]g°
0
The new 0 09
reduced 0 D 0
representation ,n, . ®
is easier to o—3 1< 00

visualize and

: 0 5
interpret Y J
° 0 0 1
(5], %2
5

5
. p 17 i
o f L°
» ¢ 1|3 5‘
P 1
0. o G
(P L
4 adels ] =
¢ 4 2
P 19— 2
¢ |ad [ B
3 ¢ |24 3 1121 IP
T ¢ 1 4 lm
o] LAF 144,
44 Y4 111
. NEE P llhc
0@ Lr
1
P .

, S e.g. From scikit learn




Extra: A 2D Numerical Example

10/8/20 Dr. Yanjun Qi / UVA CS 106
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PCA Example —STEP 1

e Subtract the mean from each of the data
dimensions.

e  Subtracting the mean makes variance and
covariance calculation easier by simplifying their
equations. The variance and co-variance values are
not affected by the mean value.

From Dr. S. Narasimhan



PCA Example =STEP 1

DATA: (p=2)

x1

2.5
0.5
2.2
1.9
3.1
2.3

1.5
1.1

X2
2.4
0.7
2.9
2.2
3.0
2.7
1.6
1.1
1.6
0.9

/ERO MEAN DATA:

X1 X2
.69 49
-1.31] -1.21
.39 .99
.09 29
1.29 | 1.09
49 /9
.19 -.31
-.81 | -.81
-.31 | -31
-./1 | -1.01

From Dr. S. Narasimhan



PCA Example =STEP 2

e Calculate the covariance matrix
CoV = 616555556 .615444444
615444444 716555556

*since the non-diagonal elements in this covariance
matrix are positive, we should expect that the x1 and
X2 variable increase together.

From Dr. S. Narasimhan



PCA Example =STEP 3

 Calculate the eigenvectors and eigenvalues of the covariance matrix
eigenvalues = 1.28402771
0490833989

K
eigenvectors = -.6/77873399 -.7351/8656
-./3517/8656 .677873399

From Dr. S. Narasimhan



PCA Example =STEP 3

Mean adjusted data with eigenvectors overiayed

2 ™ T T T . T w T
PCAdataadJust.dat +
\ (-.740682469/ 671 855252;'x ------- "
(- 671855252/~ 740682469)*X ------a"
15 N JEG
\\ p
\
1F LY + * .
N, +
05 | \ - i
N o
N b
0 \‘*‘""
A N
-05 \ -
‘/" ‘\‘
ot
Ak \\ ]
* \,
. N
™
A5F - \ i
L N
2 1 1 1 1 1 1 \\
-2 15 -1 0.5 0 05 1 1.5 2

Figure 3.2: A plot of the normalised data (mean subtracted) with the eigenvectors of

the covariance matrix overlayed on top.

10/8/20
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ecigenvectors are plotted as
diagonal dotted lines on the
plot.

eNote they are perpendicular
to each other.

*Note one of the
eigenvectors goes through
the middle of the points, like
drawing a line of best fit.
*The second eigenvector
gives us the other, less
important, pattern in the
data, that all the points
follow the main line, but are
off to the side of the main
line by some amount.

111
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PCA Example —STEP 4

* Reduce dimensionality and form feature vector

the eigenvector with the highest eigenvalue is the principle
component of the data set.

In our example, the eigenvector with the largest eigenvalue was
the one that pointed down the middle of the data.

Once eigenvectors are found from the covariance matrix, the
next step is to order them by eigenvalue, highest to lowest. This
gives you the components in order of significance.

From Dr. S. Narasimhan



PCA Example —STEP 4

* Feature Vector
FeatureVector = (eig, eig, eigs ... eig,)

We can either form a feature vector with both of the
eigenvectors:

-.677873399 -.7351/8656
-./35178656 .6/7873399

or, we can choose to leave out the smaller, less
significant component and only have a single column:

-.677873399 o o
Now, if you like, you can decide to ignore the
- 735178656 components of lesser significance.

You do lose some information, but if
the eigenvalues are small, you don't lose much



PCA Example =STEP 5

* Deriving the new data

FinalData = RowFeatureVector x RowZeroMeanData

RowFeatureVector is the matrix with the eigenvectors in the
columns transposed so that the eigenvectors are now in the
rows, with the most significant eigenvector at the top

RowZeroMeanData is the mean-adjusted data transposed,
ie. the data items are in each column, with each row
holding a separate dimension.

From Dr. S. Narasimhan



PCA Example =STEP 5

FinalData transpose: dimensions
along columns

wl w2

-.827970186 -.175115307
1.77758033 142857227
-.992197494 384374989
-.274210416 130417207
-1.67580142 -.209498461
-.912949103 175282444
.099109437/5 -.349824698
1.14457216 0464172582
438046137 0177646297
1.22382056 -.162675287

From Dr. S. Narasimhan



PCA Example =STEP 5

Data transformed with 2 eigenvectors
2 I 1 I

"A/doﬁblevecﬂﬁal.dat" U

05 -

Figure 3.3: The table of data by applying the PCA analysis using both eigenvectors,
and a plot of the new data points.
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Reconstruction of original Data

e |f we reduced the dimensionality, obviously, when
reconstructing the data we would lose those
dimensions we chose to discard.

*In our example let us assume that we considered only
the wl dimension...

From Dr. S. Narasimhan



Reconstruction of original Data

wl

-.827970186
1.77758033
-.992197494
-.274210416
-1.67580142
-.912949103
.099109437/5
1.14457216
438046137
1.22382056

10/8/20

Criginal data restored using only a single eigenvector

4
".,.'lo'ssyplusmean.ﬁat" +
3+
&
5 L +
+
1
.+.
0
-1 1 1 1
-1 0 1 2 3 4

Figure 3.5: The reconstruction from the data that was derived using only a single eigen-
vector
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