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Where$are$we$?$!$$
Five$major$secHons$of$this$course$

" $Regression$(supervised)$
" $ClassificaHon$(supervised)$
" $Unsupervised$models$$
" $Learning$theory$$
" $Graphical$models$$
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Today$

" $Review$of$basic$pipeline$$
" $Review$of$regression$models$$

– Linear$regression$(LR)$$
– LR$with$nonRlinear$basis$funcHons$
– Locally$weighted$LR$
– LR$with$RegularizaHons$

" $Model$SelecHon$$

$
$
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A$Typical$Machine$Learning$Pipeline$ 

9/21/15$

Low-level 
sensing 

Pre-
processing 

Feature 
Extract 

Feature 
Select 

Inference, 
Prediction,  
Recognition 

Label 
Collection 
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Evaluation 

Optimization 

e.g. Data Cleaning Task-relevant 
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$$TradiHonal$Programming$

$$Machine$Learning$

Computer$
Data$

Program$
Output$

Computer$
Data$

Output$
Program$$
/$Model$
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 e.g. SUPERVISED LEARNING 

•  Find function to map input space  X  to 
output space Y  

 
•  Generalisation:$learn$funcHon$/$hypothesis$
from$past$data$in$order$to$“explain”,$“predict”,$
“model”$or$“control”$new$data$examples$ 
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A$Dataset$

•  Data/points/instances/examples/samples/records:$[$rows$]$
•  Features/a0ributes/dimensions/independent3variables/covariates/

predictors/regressors:$[$columns,$except$the$last]$$
•  Target/outcome/response/label/dependent3variable:$special$

column$to$be$predicted$[$last$column$]$$
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SUPERVISED LEARNING$

9/21/15$ 8$
f(x?)$

Training$dataset$
consists$of$inputR
output$pairs$

Evaluation 

Measure Loss on pair 
! ( f(x?),  y? )$
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Evaluation Metric 
e.g. for linear regression models $
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•  TesHng$MSE$(mean$squared$error)$to$report:$$

Evaluation Metric 
e.g. for linear regression models $

!!!
Jtest =

1
m

(x iTθ * − yi )2
i=n+1

n+m

∑
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Evaluation Choice-I: $

# Training$(Learning):$Learn$a$model$using$the$
training$data$

# TesHng:$Test$the$model$using$unseen$test$
data$to$assess$the$model$accuracy$

,
cases test ofnumber  Total

tionsclassificacorrect  ofNumber =Accuracy
9/21/15$
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Evaluation Choice-II:  
e.g.$10$fold$Cross$ValidaHon$

model P1 P2 P3 P4 P5 P6 P7 P8 P9 P10

1 train train train train train train train train train test

2 train train train train train train train train test train

3 train train train train train train train test train train

4 train train train train train train test train train train

5 train train train train train test train train train train

6 train train train train test train train train train train

7 train train train test train train train train train train

8 train train test train train train train train train train

9 train test train train train train train train train train

10 test train train train train train train train train train

•  Divide$data$into$
10$equal$pieces$$

•  9$pieces$as$
training$set,$the$
rest$1$as$test$set$

•  Collect$the$
scores$from$the$
diagonal 

� �9/21/15$
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e.g.$LeaveRoneRout$(nRfold$cross$
validaHon)$
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Task  

Machine Learning in a Nutshell 

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 
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An$OperaHonal$Model$of$Machine$
Learning$

Learner Reference  
Data 

Model 

Execution 
Engine 

Model 
Tagged 
Data 

Production 
Data Deployment$$

Consists$of$inputR
output$pairs$
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Today$

" $Review$of$basic$pipeline$$
" $Review$of$regression$models$$

– Linear$regression$(LR)$$
– LR$with$nonRlinear$basis$funcHons$
– Locally$weighted$LR$
– LR$with$RegularizaHons$

" $Model$SelecHon$$

$
$
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(1) Multivariate Linear Regression 

Regression 

Y = Weighted linear sum 
of X�s  

Least-squares  

   Linear algebra  

Regression 
coefficients 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

ŷ = f (x) =θ0 +θ1x
1 +θ2x

2
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(1) Linear Regression (LR) 

9/21/15$ 18$

ŷ = f (x) =θ0 +θ1x
1 +θ2x

2
! e.g.   Linear Regression Models $

J(θ ) = 1
2

(ŷi (
!xi )− yi )

2

i=1

n

∑

! To minimize the “ least  
square ” cost function: $

θ

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$



Linear$regression$(1D$example) 
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y
^
=θ 0+θ1 x1

θ * = XTX( )
−1
XT !y
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$
$
$
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• We$can$represent$the$
whole$Training$set:$
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f (x1
T )
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= Xθ
•  Predicted$output$
for$each$training$
sample:$
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$
$
$
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Method$I:$normal$equaHons$
•  Write$the$cost$funcHon$in$matrix$form:$

To$minimize$J(θ),$take$derivaHve$and$set$to$
zero:$

J(θ ) = 1
2

(xi
Tθ − yi )

2

i=1

n

∑

=
1
2
Xθ − !y( )T Xθ − !y( )

=
1
2
θ T XTXθ −θ T XT !y − !yTXθ + !yT !y( )

⇒        XTXθ = XT !y
The$normal$equaHons$

( ) yXXX TT !1−=*θ
⇓
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$
$
$
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Method$II:$$LR$with$batch$Steepest$
descent$/$$Gradient$descent$$

– This$is$as$a$batch$gradient$descent$algorithm$

!!! 
∇θ J =

∂
∂θ1

J ,…, ∂
∂θk

J
⎡

⎣
⎢

⎤

⎦
⎥

T

= − ( yi −
!x i
Tθ )x i

i=1

n

∑

θt =θt−1 −α∇J(θt−1)
For$$the$tRth$epoch$$
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!!! 
θ j

t+1 =θ j
t +α ( yi −

!x i
Tθ t )xij

i=1

n

∑



$
$
$
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Method$III:$$LR$with$StochasHc$GD$!$

•  From$the$batch$steepest$descent$rule:$$

•  For$a$single$training$point,$we$have:$$

$

–  a$"stochasHc",$"coordinate"$descent$algorithm$
–  This$can$be$used$as$an$onRline$algorithm$

∑
=

+ −+=
n

i

j
i

tT
ii

t
j

t
j xy

1

1 )( θαθθ x!

i
tT

ii
tt y xx !! )(1 θαθθ −+=+

9/21/15$

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$

Method$IV:$Newton’s$method$for$
opHmizaHon$$

•  The$most$basic$secondRorder$opHmizaHon$
algorithm$$

•  UpdaHng$parameter$with$$

9/21/15$ 24$
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(2) Multivariate Linear Regression with basis Expansion 

Regression 

Y = Weighted linear sum 
of (X basis expansion) 

Least-squares  

   Linear algebra  

Regression 
coefficients 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

ŷ =θ0 + θ jϕ j (x)j=1

m
∑ =ϕ(x)θ

9/21/15$ 25$
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$
$
$
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(2)$LR$with$polynomial$basis$funcHons$

•  LR$does$not$mean$we$can$only$deal$with$linear$
relaHonships$

$

•  E.g.:$polynomial$regression:$

y =θ0 + θ jϕ j (x)j=1

m
∑ =ϕ(x)θ

ϕ(x) := 1, x, x2, x3!" #$

9/21/15$

θ * = ϕTϕ( )
−1
ϕT !y
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e.g.$polynomial$regression$

•  Introduce$basis$funcHons$$

9/21/15$ 27$
Dr.$Nando$de$Freitas’s$tutorial$slide$
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$
$
$
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LR$with$radialRbasis$funcHons$

•  LR$does$not$mean$we$can$only$deal$with$linear$
relaHonships$

$

•  E.g.:$LR$with$RBF$regression:$

ŷ =θ0 + θ jϕ j (x)j=1

m
∑ =ϕ(x)θ

9/21/15$

ϕ(x) := 1,Kλ=1(x,1),Kλ=1(x, 2),Kλ=1(x, 4)[ ]
θ * = ϕTϕ( )

−1
ϕT !y
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Kλ (x, r) = exp −
(x − r)2

2λ 2
"

#
$

%

&
'



(3) Locally Weighted / Kernel Regression 

Regression 

Y = Weighted linear sum 
of X�s  

Weighted 
Least-squares  

   Linear algebra  

Local Regression 
coefficients 

(conditioned on 
each test point)  

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

0000 )(ˆ)(ˆ)(ˆ xxxxf βα +=

min
α (x0 ),β (x0 )

Kλ (xi, x0 )[yi −α(x0 )−β(x0 )xi ]
2

i=1

N

∑
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30$

(3) Locally weighted regression 

•  aka locally weighted regression, locally 
linear regression, LOESS, … 

9/21/15$

linear_func(x)R>y$$
!$
could$represent$$
only$the$neighbor$
region$of$x_0$

Use$RBF$funcHon$to$
pick$out/emphasize$$
the$neighbor$region$
of$x_0$!$$

Kλ (xi, x0 )

Kλ (xi, x0 )
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LEARNING of Locally weighted 
linear regression$
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    $

x0$

0000 )(ˆ)(ˆ)(ˆ xxxxf βα +=

31$

! Separate weighted least squares 
at each target point x0 

min
α (x0 ),β (x0 )

Kλ (xi, x0 )[yi −α(x0 )−β(x0 )xi ]
2

i=1

N

∑
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(4) Regularized multivariate linear regression 

Regression 

Y = Weighted linear sum 
of X�s  

Least-squares  

   Linear algebra + 
Regularization  

Regression 
coefficients 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

min J(β) = Y −Y
^"

#
$

%
&
'
2

i=1

n

∑ +λ β j
2

j=1

p

∑
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• $Basic$model$ Y
^
= β

^

0+β
^

1 x1 +!+β
^

p xp

• $Ridge$regression$esHmaHon:$

• $LR$esHmaHon:$

• $LASSO$esHmaHon:$

min J(β) = Y −Y
^"

#
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%
&
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∑

min J(β) = Y −Y
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#
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%
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n

∑ +λ β j
j=1

p

∑

min J(β) = Y −Y
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#
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%
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n

∑ +λ β j
2

j=1

p

∑

(4) LR$with$RegularizaHons$/$$
 Regularized multivariate linear regression$

9/21/15$
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LR$with$RegularizaHons$/$$
Ridge Estimator 

•  The ridge estimator is solution from RSS 
(regularized sum of square errors) 

34$

β* = XTX +λI( )
−1
XT !y

β̂ ridge = argmin J(β) = argmin(y− Xβ)T (y− Xβ)+λβTβ

pp xxY
^

11

^

0

^^
βββ +++= !
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to$minimize,$take$derivaHve$and$set$to$zero$
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Today$

" $Review$of$basic$pipeline$$
" $Review$of$regression$models$$

– Linear$regression$(LR)$$
– LR$with$nonRlinear$basis$funcHons$
– Locally$weighted$LR$
– LR$with$RegularizaHons$

" $Review$of$Model$SelecHon$$

$
$
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Regression:  
Complexity versus Goodness of Fit 

x 

y 

x 

y 

x 

y 

x 

y 

Too simple? 

Too complex ? About right ? 

Training data 

What ultimately matters: GENERALIZATION 

Low$Variance$/$
High$Bias$

Low$Bias$$
/$High$Variance$
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$
$
$
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Which$funcHon$f33to3choose?$$
Many$possible$choices$,$e.g.$LR$with$

polynomial$basis$funcHons$$

y =θ0 +θ1x 2
210 xxy θθθ ++= ∑ =

= 5

0j
j

j xy θ
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Choose$f3that3
generalizes3well3!3$$

Generalisation:$learn$funcHon$/$
hypothesis$from$past$data$in$order$
to$“explain”,$“predict”,$“model”$or$
“control”$new$data$examples$ 

38$

Which$kernel$width$to$choose$?$$
e.g.$$locally$weighted$LR 

9/21/15$
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Choose$kernel3width3
that3generalizes3well3!3$$



an$example$$
(ESL$Fig3.8),$

$$
Ridge$

Regression$
$

when$varying$
λ, how θj 
varies.$$

39 

λ  increases $

λ→∞ λ = 0

9/21/15$
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Choose$λ$that3
generalizes3well3!3$$

RegularizaHon$
path$of$a$Lasso$$

EsHmator$$

9/21/15$
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40$

∞→λ λ = 0

Choose$λ$that3
generalizes3well3!3$$
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